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Abstract: The Kekulé structure count K of fluoranthene congeners is studied. It
is shown that for such polycyclic conjugated n-€electron systems, either K =0 or
K > 3. Moreover, for every t > 3, there are infinitely many fluoranthene con-
geners having exactly t Kekulé structures. Three classes of Kekuléan fluoran-
thenes are distinguished: i) @y — fluoranthene congeners in which neither the
male nor the female benzenoid fragment has Kekulé structures, ii) ®,, — fluo-
ranthene congeners in which the male benzenoid fragment has Kekulé
structures, but the female does not, and iii) ®f,, — fluoranthene congeners in
which both the male and female benzenoid fragments have Kekulé structures.
Necessary and sufficient conditions are established for each class, ® = @, @y,
@y, such that for a given positive integer t, there exist fluoranthene congeners
in ® with the property K =t.
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INTRODUCTION

Continuing our studies of the n-electron properties of polycyclic conjugated
molecules of the fluoranthene—type,l—8 in this work, attention was focused on
their Kekulé structures. As explained in detail elsewhere,1.6 the systems consi-
dered consist of two benzenoid fragments, joined so as to form an additional five-
-membered ring (cf. Fig. 1). Thus, fluoranthene congeners are, from a structural
point of view, closely similar to benzenoid systems.9-13 The Kekulé structures
and various Kekulé-structure-based properties of benzenoid molecules have been
extensively studied in the past; for details see the books,13-16 review? and recent
papers.18-21 Analogous properties of the fluoranthene-type systems were, so far,
analyzed only to a limited extent.8 In this paper, we are concerned with the pos-
sible number of Kekulé structures (Kekulé structure count, K) of fluoranthene
congeners. If K > 0, the respective molecule is said to be Kekul éan.13.16
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1094 VUKICEVIC, PURDEVIC and GUTMAN

Fig. 1. The general form of a fluoranthene congener B; it is
obtained by joining two benzenoid fragments (M and F) so asto
form afive-membered ring. The fragments M and F are referred
to as male and female, respectively. For details see text.

Following the terminology of an earlier work,® the benzenoid fragments of a
fluoranthene-type system are called “mae” and “female’, so that the male frag-
ment (M in Fig. 1) is connected to the female fragment (F in Fig. 1) by two ad-
jacent vertices (up and up in Fig. 1), whereas the female fragment is connected to
the male fragment via two vertices at distance 2 (v1 and vo in Fig. 1). In other
words, three vertices of the five-membered ring belong to the female fragment
and two vertices to the male fragment.

Bearing in mind the notation specified in Fig. 1, if B is a fluoranthene con-
gener, then be deleting from B the edges ujv1 and usva, a subgraph is obtained
consisting of two disconnected benzenoids, referred to as male M = Mg and fe-
male F = Fg. Denote i) by ®g the class of Kekuléan fluoranthenes in which
neither the female nor the male benzenoid fragment have Kekulé structures, ii)
by @, the class of Kekuléan fluoranthenes in which the male fragment has Ke-
kulé structures, but the female does not, and iii) by @, the class of fluoranthenes
in which both the male and femal e fragments have Kekulé structures.

The main results obtained are the following:

i) there exist fluoranthenes of the type ®g with K Kekulé structures if and
only if K isthe product of two integers both greater than 2;

ii) afluoranthene of type @, can have K Kekulé structuresif and only if K> 3;

iii) a fluoranthene of the type @, can have K Kekulé structures if and only
if K>6, and K isnot aprime number, i.e., K#7, 11, 13, 17, 19, 23,...

NOTATION AND PRELIMINARIES

Let B be the molecular graph?2 of a benzenoid or fluoranthene system, and
let « be a Kekulé structure of B. Denote by d; = di(B) = d1(B,x) the number of
double bonds of k belonging to only one ring and by dy = dx(B) = dx(B,x) the
number of double bonds that are shared by two rings. Let R be aring of B and
D(R) = D(R,x) the number of double bonds belonging to R. Then,
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D D(R)=d1+2d>
R
where the summation goes over all rings of B.

Denote by n = n(B) the number of vertices of B, by nj = nj(B) the number of
internal vertices of B and by h = h(B) number of hexagons of B. The number of
Kekulé structures of B isK = K(B).

Let B’ be a subgraph of B and let k be a Kekulé structure of B. Then, k(B")
denotes the set of double bonds of « that belong to B’.

In the proof of the main results, the following theorems were used.

Theorem A.116 |f B is a benzenoid system, thenn=4h+2 —n;. If Bisa
fluoranthene-like system, thenn = 4h + 5 —n;.

TheoremB.8 1) Let B € ®g. Then K(B) = K(Fg —vj)-K(Mg — uj) for either i =
=1lori=2 Moreover, fori #j, K(Fg —vj) = K(Mg — uj) = 0; ii) let B € Opy,
Then K(B) = K(Fg — v1 — v2)K(Mpg). Moreover, if « is a Kekulé structure of B,
then k(Fg — v1 — v2) is a Kekulé structure of Fg — v — vo; iii) let B € ®fy. Then
K(B) = K(F)K(Mp).

MAIN RESULTS

The main results obtained are stated in the following three theorems.

Theorem 1. Let B € ®q. Then K(B) is equal to the product of two numbers,
each greater than 2. Moreover, for every number t that is a product of two num-
bers greater than 2, there are infinitely many fluoranthenes B € ®g for which
K(B) =t.

Theorem 2. Let B € ®y,. Then K(B) > 3. Moreover, for every t > 3, there are
infinitely many fluoranthenes B € @y, for which K(B) =t.

Theorem 3. Let B € ®fy,. Then, K(B) > 6 and K(B) is not a prime number.
For every t > 6 which is not a prime number, there is at least one B € sy, such
that K(B) = t. Moreover, for every positive integer t there are infinitely many
fluoranthenes with t Kekulé structures in @y, if and only if t = tqtots, such that
t1>3,tr>3andt3> 2.

Proof of Theorem 1. Let B € ®g and k be a Kekulé structure of B. It will be
shown that K(B) is the product of two numbers, each of which being greater than 2.

From Theorem B for i), it follows that K(B) = K(Mg — u)K(Fg — vj).
Therefore, it is sufficient to prove that K(Mg — u;) > 3 and K(Fg — vj) > 3. Both
proofs are completely analogous and, therefore, only the vaidity of K(Fg —vj) > 3
will be demonstrated. Note that x(Fg — v;j) is a Kekulé structure of Fg — vj. Fur-
thermore, n(Fg — vj) = n(Fg) — 1. Then by Theorem A:
4h(Fg)+2-n(Fg))-1
th(Fe) (g ) = TRV 720 o)

As, evidently, d, (Fg) 2%ni (Fg), oneobtains:

—2h(Fg)-1BJ (;B)%
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%D(R,K):dl(FB)+2d2(FB)22h(FB)+%

with the left-hand side summation going over al rings of Fg. Since thissum isan
integer, it follows that:

> D(Rxk)=2h(Fg)+1

Hence, at least one hexagon of Fg contains three double bonds of the Kekulé
structure .

It is necessary to distinguish between two cases:

Case 1. In Fp, thereation D(R1,x) = D(R2,x) = 3 holds for (at least) two six-
-membered rings, R1 and Ro.

Let k1 and ko be the Kekulé structures obtained by rotation of the double
bonds of k(Fg —vj) in therings Ry and Ry, respectively. Then, k1, k2 and k(Fg —vj)
are three distinct Kekulé structures on Fg — vj, which means that K(Fg —vj) > 3.

Case 2. In Fg, therdation D(R,x) = 3 holds for only one six-membered ring R.

Then, D(R’) = 2 for dl other six-membered rings R’. Let k' be the Kekulé
structure obtained by rotating the double bondsin R. Then:

> D(R.x")=2n(Fg)+1
R

Hence, either ¥’ has at least two hexagons R1 and R for which D(R1,x’) =
=D(Ro,x’) =3 0r D(R,x’) =3 and D(R’ ") = 2 for al other hexagons R’. In the
latter case, D(R’,x(Fg)) and D(R’,x’) would coincide for al hexagons R’. How-
ever, these two terms differ in the hexagon(s) adjacent to R, which is a contra-
diction. Therefore, it must be D(R1,x’) = D(R2,x’) = 3.

Let k1 and ko be the Kekulé structures obtained by rotation of the double
bonds of k' in the rings Ry and Ry, respectively. Then, k1, k2 and ¥’ are three
Kekulé structures of Fg —vj, which meansthat also in this case K(Fg —vj) > 3.

This proves that K(B) is a product of two numbers, each of which is greater
than 2. The example depicted in Fig. 2 shows that it is possible to design arbi-
trarily many fluoranthenes of class ®@q for which K = tgtp, t1 > 3, to >3.

This concludes the proof of the Theorem.

Proofs of Theorems 2 and 3 are analogous, except that instead of Theorem B
(i), itis necessary to use Theorem B (ii) and (iii), respectively.

By combining Theorems 1-3, one obtains:

Corollary 4. Let B be a Kekuléan fluoranthene. Then K(B) > 3. Moreover, for
every number t > 3, there are infinitely many fluoranthenes B such that K(B) ='t.

According to Theorems 1-3, the minimal Kekulé structure count of a fluo-
ranthene in class ®g, @, and ®fy, is 9, 3 and 6, respectively. The smallest such
minimal-K fluoranthenes are depicted in Fig. 3.
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Fig. 2. Fluoranthenes belonging to the class
@, having tit, Kekulé structures, t; > 3 and
t, > 3, irrespective of the value of the para-
meter r, r =1, 2, 3,... Thefixed double bonds
are indicated, whereas the shaded areas are
domains in which the n—electrons are deloca-
lized. In this exampl e the shaded areas pertain
to polyacenes with t; — 1 and t, — 1 hexagons;
recall that a polyacene with h hexagons has
h + 1 Kekulé structures.

Fig. 3. Fluoranthenes 1, 2 3 and 4 are the
smallest members of the classes @y, @, and
@y, respectively, having the smallest pos-
sible number of Kekulé structures (K). In
these formulas the fixed double bonds are
indicated, whereas the shaded areas are do-
mains in which the n—€lectrons are deloca-
lized.
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U3BO [
0 BPOJY KEKULE CTPYKTYPA V JEJJUEBHUMA ®JIYOPAHTEHCKOI' TUITA

DAMIR VUKICEVICY, JEJIEHA BYPBEBUR? u UBAH I'YTMAH?

lFaculty of Natural Sciences and Mathematics, University of Split, Nikole Tesle 12, HR-21000 Split, Croatia
u ZHpupobHO-Mau_/.emamuqxu ¢hakyaitieiti Yrusepauitieitia y Kpazyjesuy

Ipoyuasax je 6poj Kekulé crpykrypa K y jenmumemuma duryopantenckor tumna. [TokasaHo je
Jia je KO/ OBHX TOJHLUUKINYHAX KOHjyroBaHuX m-enekTpoHckux cuctema K = 0 mu K > 3. Ocum
Tora, 3a cBako K > 3 ocroju 6eckoHauHO MHOTO (hiyopanTeHa ca Tauro K Kekulé crpykrypa. Pa3-
Kyjy ce tpu kinace Kekulé duyopanrena: i) ®g — duryopanTeHe KO KOjH HA MYIIKA HH JKEHCKH
GenseHonan pparment Hemajy Kekulé crpykrype, ii) @y — GiayopaHTeHe KO KOjuX MYIIKH OeH-
senonuu ¢pparment uma Kekulé crpykrype, a skeHCKH HeMa, U 1ii) Oy — GIyopaHTeHe KO KOJUX
M MYIIKHU U KCHCKU GenseHonauu hparment umajy Kekulé crpykrype. Onpeljenn cy HeOmxomHu 1
JIOBOJBHU YCJIOBH 3a cBaky knacy ® = Og, Oy, Dpy, Aa 3a 33a1aHM MO3UTUBHHU LIE0 OpOj m, MOCTOjU
jenumemne ¢GuyopanteHckor tuna y O ca ocodbunom K = m.

(Mpumibero 7. nenemGpa 2009)
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