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Abstract: The Wiener polarity index of a graph G is the number of unordered
pairs of vertices{u,v} of G such that the distance between u and v is equal to 3.
In this paper, the maximum Wiener polarity index of molecular graphs of a-
kanes with a given number of methyl groups s studied.

Keywords. topological index; Wiener polarity index; distance; alkane with k
methyl groups.

INTRODUCTION

Among various topological indices considered in chemical graph theory,
only a few have been widely studied in mathematical and chemical literatures.
However, it seems that less attention has been paid to the Wiener polarity index.
It was introduced by Harold Wienerl for acyclic molecules in 1947. The Wiener

polarity index of an organic molecule the molecular graph of whichis G = (V,E)
is defined as:23

Wp(G) =[{{u, v}ldg(u,v) =3, u,ve V}|

which is the number of unordered pairs of vertices {u,v} of G such that dg(u,v) =
= 3, where dg(u,v) is the distance between two verticesuand vin G.

Using the Wiener polarity index, Lukovits and Linert4 demonstrated quanti-
tative structure—property relationships in a series of acyclic and cycle-containing
hydrocarbons. Hosoya® found a physico-chemical interpretation of Wp(G). Very
recently, Du, Li and Shi2 described a linear time algorithm APT for computing
the index of trees and characterized the trees maximizing the index among all
trees of a given order. Deng et al.3 characterized the extremal trees with respect to
this index among all trees of order n and diameter k. Deng® gave the extremal
Wiener polarity indices of all chemical trees of order n.
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1406 DENG and XIAO

In this paper, the Wiener polarity index of molecular graphs of alkanes with
k methyl groups will be studied. For an alkane with k methyl groups, its graph
representation can be considered as a chemical tree with k pendents in which a
pendent vertex corresponds to a methyl group. Thus, the maximum Wiener pola-
rity index of chemical trees with n and k pendents will be discussed.

SOME PROPERTIES OF THE WIENER POLARITY INDEX

Let T be a tree with its vertex set V(T) and edge set E(T). The degree of a
vertex ve V(T) is denoted by dr(V).

A path P in T is called an i-degree pendent chain if all of itsinternal vertices
are of degree 2 and its ends of degree 1 and I, respectively, where i > 3. In parti-
cular, P is called an i-degree pendent edge if P is an edge. Here, only chemical
trees are considered.

For convenience, let Cp, be the set of chemical trees (i.e., trees for which eve-
ry vertex has a degree at most of 4) of order n and Cp, k the set of chemical trees
of order n with k pendents.

The degree sequence (n1, Ny, N3, Ny) is associated to Te C, where nj denotes
the number of vertices of T with degreei (1<i < 4). In particular, np is the num-
ber of pendents. Recall the relations:

ni+no+ng+ng=nandny+2n;+3n3+4ng=2n-2
which implies
n3+2ng+2=niandn=2+nqg+no+2n3+3ny

First, aformulafor computing the Wiener polarity index of treesis given.
Lemma 1.23 Let T = (V,E) beatree. Then

Wy (M= 2 (@ (W) -D(dr(v)-D)
uve E
Let m;j be the number of edgesin T between vertices of degreesi and j. By
Lemma 1, one has

Wo(M= X (dr(W-DdrM-D= > (-D(i-Dm;

uveE <i<j<4
Especialy, if Tisachemical tree, then
Wp(T) =M, +2M,y5 +3M,, + 4Mys +6m,, +9m,,

Now, two graph transformations are introduced, which will be used in the
next section.

An edge e = uvis said to be subdivided when it is deleted and replaced by a
path of length two connecting u and v, the internal vertex w of this path being a
new vertex. The converse of subdividing is called smoothing the vertex w of de-
gree 2. Thisisillustrated in Fig. 1.
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WIENER POLARITY INDEX 1407

o subdividing ¢
“ smoothing w

Fig. 1. The operations in subdividing and smoothing.

The following two lemmas can be proved by immediately computing from
Lemmal.
Lemma 2. Let TeCp. € = uvis an edge of T with d (u)<d;(v). T isthe
tree obtained by subdividing e. Then:
1L, dr(u)=1 d;(v)=2
2, dy(w)=1 dy(v)=3
3, dT (u)=1, dT V) =4
0, dr(u)=3 dr(v)=3
-1, dy(u)=3 d;(v)=4
=3, dr(u)=4, d;(v)=4

Lemma 3. Let Te C,. wis avertex of degree 2 of T with the neighbors u and

vV, d; (u)<dp(v). T isthetree obtained by smoothing w. Then

-1, d;(u)=1 dy(v)=2

=2, dp(u)=1 d;(v)=3

-3, dp(u)=1 dy(v)=4

Wp(T') —Wp(T) =1 -1 d(u)=2 d;(V)=234%

0, dr(u)=3 dr(v)=3

L dp(u)=3 d;(v)=4

3 dT (u=4, d (V=4

Lemma 4. Let Te C,x (n > 7) with the degree sequence (n1, Ny, N3, Ng), and
all the vertices of degree 2 in T are on the pendent chains. If ny > 2, then there
exists T'eCpk with the degree sequence (ng, np+1, nz—2, ng+1) such that
Wp(T') ZWp(T) :

Proof. x,ye V(T) can be chosen such that dr(x) = dy(y) = 3 and there is neith-
er a vertex of degree 3 nor a vertex of degree 2 between them since al the ver-
tices of degree 2in T are on the pendent chains. Let T = T —xa + ya. Obvioudly,
T e Cpk has the degree sequence (ng, np+ 1, Nn3—2, Ng+1).

i) If x,yeE(T), see Fig. 2i. Without loss of generality, it is assumed that
d; (@) =d; (b) and d(a) +dy (b) <d;(c)+d;(d). By Lemmal:
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1408 DENG and XIAO

W(T")-Wy(T) =[3(dr(a)—1)+(dr(b)-1)+3+3(cr(c)-1)+3(dr(d)-1)] -
— [2(dr(a)-1)+2(dr(b)-1)+4+2(dr(c)-1)+2(dr(d)-1)] =
= (dr(a)-1)—(dr(b)-1)-1+(dr(c)-1)+(dr(d)-1) =
= (dr(a)—dr(b))+(dr(c)+dr(d)-3)
If dr(a) > 1, then d; () + dy (d) 2 dy (@) + dy (b) 2 3; thus W (T") >
If dr(a) = 1, then dy(b) = 1 since d;(a) 2 d;(b), and d; (c)+cFT(d)2
n>7; thus, Wp(T') zwp(T).

ii) Otherwise, x,y may be chosen as in Fig. 2ii. Notice that x; = yj is pos-
sible. Without loss of generality, it is assumed that d; (a) > d; (b) . By Lemma 1:
Wp(T") “W(T) = [3(dr(a)-1)+(dr(0)-1)+3+9+3(dr(c)-1)+3(dr(d)-1)] -

— [2(dr(a)-1)+2(d7(b)-1)+6+6+2(dr(c)-1)+2(dr(d)-1)] =
= (dr(a)-1)H{dy(b)-1)+(dr(c)-1)+(dr(d)-1) =
= (dr(a)-dr(b))+(dr(c)+dr(d)-2) = O

W_(T).
P
3 since

o0 | ”
i T—Y
Ib d- b = %fdc
T T i
@ s oo 5 — |5 oA b
T e

Fig. 2. Proof cases of Lemmad4.

THE MAXIMUM WIENER POLARITY INDEX OF CHEMICAL TREES
WITH n VERTICES AND k PENDENTS

In this section, maximum Wiener polarity index of chemical trees with n ver-
tices and k pendents will be discussed.

First, some special cases are considered. Let T be a chemical tree with n ver-
tices and k pendents.

If k=2, then T is the path Py, of length n—1, and Wy(P2) = 0, Wp(Pn)= n-3
forn=3.

Ifk=3,thenng=1, ny=0andmys=NMpg=MmMgz3 =My =Mmys=0,0<Mp3 <
<3.Since

4 4 4

> my ==k and Zmij =n-1, myp+ mp3=n-1-k=n4
j=1 i=1j=i

and
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WIENER POLARITY INDEX 1409

O,n=4;

W (T)=m,, +2m; =n—4+my, < Zn=5
P 2 3 37| 4n=6
n-1Lnx>7.

with equality if and only if T is one of the graphsin Fig. 3.

n=4 n=>5 n==~6 n>"7
(a+b+c=n—-1a,b,c>1)
Fig. 3. The extremal tree with 3 pendents.

If k=4 and n=5,then T isastar with 5 vertices and Wy(T) = 0. If k = 4 and
n = 6, then there are only two chemical trees with 6 vertices and 4 pendents. One
can immediately obtain that Wy(T) = 3 or Wy(T) = 4.

Inthefollowing, itisassumedthat k>4 andn>7.

Let C*p, k be the set of chemical trees T with n vertices and k pendents satis-
fying the following conditions:

i) thereis at most one vertex of degree3inT;

ii) al the vertices of degree 2in T are on the pendent chains;

iii) if Pisapathin T with ends of degree 4, then all internal vertices of P are
of degree 4;

iv) if np > k, then there is neither a 4-degree pendent edge nor a 3-degree
pendent edge.

Remark. Let Te C*,  with a degree sequence (ny, Ny, N3, Na).

1) If kiseven, then n3 = 0, the induced subgraph T' by the vertices of degree
4inTisaso atree, and myy = Ng—1. By therelations:

{ k+n,+n, =n,
k+2n2+4n4:2n—2
one has n2=n+1—3k/2 and n4=k/2—1.
i) If n,<k,i.e, k=22(n+1)/5, then mp4 = np, Mz = 0 and
Wp(T) = 3mp4 + 9myg = 3np + 9(ng-1) = 3n-15

i) If n,>k,i.e, ks2(n+1) /5, then mpq = Kk, mp2 = n=1~(k+mpg+mys) =
=n+ 1-5k/2 and Wp(T) = mp + 3mpg + 9mys = n + 5k - 17.
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1410 DENG and XIAO

I) If kis odd, then T has only a vertex v of degree 3, i.e, n3 = 1. Thein-
duced subgraph T' by the vertices of degree3or 4inTisalso atreeandvisa
pendent of T'. Thus, my4 = ng4—1, mg4 = 1 and my3 = 0. By therelations:

K+n,+m+ny=K+n,+ny,=n,
K+2n, +3ng +4n, =k +2n, +3+4n, =2n-2
onehas n,=n+1/2-3k/2 and n,=k/2-3/2.
i) If n,<k-2,i.e, k>=2n/5+1, then mpg = np, Mp3 = Mz = 0 and
Wp(T) = 3mpg4 + 6m4 + 9myy = 3y + 6+ 9(Ng—1) = 3n-15
i) If no=k=1,i.e, k=2n/5+3/5,thenmyz=1,mpg=nx-1= k-2, mp=0

and
Wp(T) = 2myp3 + 3mpg + 6mg4 + 9myg = 3n-16
i) If nzzk, i.e, k<2n/5+1/5, then mp3 =2, npg = k=2,
Mp2 = N=1 — (K + Mp3 + Mg + Mg + Myg) = N+1 - 5/2k
and

Wp(T) = mp2 + 2mp3 + 3mp4 + 6Migq + 9y = n + 5k— 18
Hence, for any Te C*, , one has:

n+5k-17, kisevenand 4Sks§(n+1);
3n-15, k iseven and k < max{4, %(n+1)};
Wp(T): n+5k-18, kisoddand 5£k£§n+%;

3n-16, k isodd and k:%n+§25;

3n-15, k isodd and k= max{5, §n+1}

Theorem 1. For any Te C*p, thereis T*e C*y, i such that Wy(T*) = Wy(T).

Proof. i) Firgt, if there is a vertex of degree 2 in T which is not on any pen-
dent chain. Let Q be the set of al vertices of degree 2 in T which are not on any
pendent chain. T is obtained from T by smoothing the vertices in Q, then
Wp(T1)-Wp(T) 2—Q| by Lemma 3. Now, let T be obtained from Ty by subdivi-
ding a pendent edge |Q| times, then Toe C*p, k and Wp(T2)-Wp(T1) 2|Q| by Lem-
ma 2, and Wy(T2) =Wp(T), i.e., there is Toe C*pk such that all its vertices of
degree 2 are on the pendent chains and Wp(T2) 2 Wp(T).

ii) Secondly, if there are at least two vertices of degree 3 in Top, then, by
Lemma 4, there exists a tree Tze C*,  with at the most one vertex of degree 3
such that Wy(T3) 2 W(T). Furthermore, it can be assumed that all the vertices of
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WIENER POLARITY INDEX 1411

degree 2 in T3 are on the pendent chains since process i) can be repeated without
changing its degree sequence.

iii) Next, we consider Tae C*, i with exactly one vertex of degree 3 and
with all its vertices of degree 2 on the pendent chains. If there is a path P in T3
with ends of degree 4 and one of its internal vertices is of degree 3, see Fig. 4
(case 1), where dr, (v) =3, it may be assumed that P is maximal, then

dr, (a).dr, (b).dr, (¢) <4 and d, (a), c, (b), dr, () < 2

since v is the unique vertex of degree 3. Let T4 = T3 —ya + va, see Fig. 4 (case
2), then T4e C* . Notice that z= y is possible. By Lemma 1, one obtains:

Wh(Ta)-Wp(Ta) = [3(cr, (1) 1) + 3(c, (0-1) +3(cy. (2-1) +3(dp (-1 +
+2(dy. (W)-1) +2(dy. (B-1)+2(dy, (O-D)] - [2(dy. (U-1)+2(dy (9-1) +
+2(dp. (2-1) + 3(dy, (-1 +3(dp, (WD) +3(dy_ (B-1) + 3(dy (©-1)] =
=[9+3(dy (0-1) + 9+ 3(dy (8)-1) +6+2(dy (b)-1) +2(dy (€)-1)] -
3 3 3 3
~[6+2(dy. (9-1) +6+3(cy_ (@)-1) +9+3(dy, (b)-1) +3(dy (-D)] =
=4+ d. () —d; (b)—d; (>0
3 3 3

and Wp(T4) > Wy(T3).

VR TR, TET T
T T T

(2) Ty
Fig. 4. Proof casesfor Theorem 1.

iv) Finaly, if N>k and there is an i-degree pendent edge e in T4 (i = 3 or
4), then there is a pendent chain P with length at least 3. Let Tg be the tree ob-
tained from Tg by smoothing a vertex of degree 2 on the path P and subdividing
the edge e. By Lemmas 2-3, Wp(Ts)>W;(Ta).

Hence, there is T*e C*, i such that Wp(T*) = W(T) for any Te C*p k.

In order to obtain the maximum Wiener polarity index of treesin Cpy, one
only needs to find the Wiener polarity index of treesin C*p, k. By Theorem 1 and
the Remark, one has

Theorem 2. Among all chemical trees with n>7 vertices and k> 2 pendents,
the maximum Wiener polarity index is Wp(T)max, Where:
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1412 DENG and XIAO

n-3, k=2
n-1, k=3;

n+5k—-17, kisevenand 4< ks%(n+1);

W (T) i =130 =15, k iseven and k > max{4, é(n+1)};
n+5k -18, kisodd and 53ks§n+%;

3n-16, k isodd and k=§n+§2 5;

3n-15, k isodd and k > max{5, §n+1}.

From Theorem 2 and the result in the literature,® an interesti ng fact is found,
i.e., the maximum Wiener polarity index of chemical trees with n=>7 vertices and
k=4 pendents is the same as that of chemical trees with n vertices when
k=>2n/5+1.

Acknowledgements. This work was supported by the Hunan Provincial Natural Science
Foundation of China (09JJ6009) and the Scientific Research Fund of the Hunan Provincial
Education Department (09A057).

N3BOJI

WIENER-OB MHJIEKC ITOJIAPHOCTU MOJIEKYJICKUX T'TPA®OBA AJIKAHA
CA 3AJAHUM BPOJEM METUJI IT'PYIIA

HANYUAN DENG u HUI XIAO

College of Mathematics and Computer Science, Hunan Normal University,
Changsha, Hunan 410081, P. R. China
Wiener-os unnekc nonapaoctu rpada G je 6poj naposa uBoposa {U,v} rpada G TakBux ja je
pacrojatbe u3Melhy U u V jennako 3. V paxay je ucnuraH MakcuManHud Wiener-oB mHzaeKc moiap-
HOCTH MOJIEKYJICKHX I'padoBa ajKaHa ca 3aaHiUM OpOojeM MeTall rpyTa.

(TMpumsseno 20. mapra, peuaupano 13. anpuma 2010)
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