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Bicyclic molecular graphs with the greatest energy 
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Abstract: The molecular graph Qn is obtained by attaching hexagons to the end 
vertices of the path graph Pn-12. Earlier empirical studies indicated that Qn has 
greatest energy among all bicyclic n-vertex (molecular) graphs. Recently, Li 
and Zhang proved that Qn has greatest energy among all bipartite bicyclic 
graphs, with the exception of the graphs Ra,b, a + b = n, where Ra,b is the graph 
obtained by joining the cycles Ca and Cb by an edge. This result is now com-
pleted by showing that Qn has the greatest energy among all bipartite bicyclic 
n-vertex graphs. 
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INTRODUCTION 

The HMO total π-electron energy E is an important quantum-chemical cha-
racteristic of large polycyclic conjugated molecules.1−4 A closely related quantity 
is the graph energy (also denoted by E), equal to the sum of the absolute values 
of the eigenvalues of the underlying molecular graph.4,5 The question which mo-
lecular graph (within some pertinently defined class) has the greatest E value is 
of evident chemical relevance and has been much studied.1,6−13 

In 2001, by means of a computer-aided empirical search, it was established8 
that the graph Qn (depicted in Fig. 1) is most probably the maximum-energy 
specie among n-vertex bicyclic molecular graphs. Recently, Li and Zhang11 of-
fered a mathematical result that almost completely proved this finding. Namely, 
they showed that Qn has the greatest energy among bipartite bicyclic n-vertex 
graphs, with the exception of the graphs Ra,b, a + b = n. The structures of the 
graphs Qn and Ra,b are shown in Fig. 1. 

COMPLETING THE RESULT OF LI AND ZHANG 

For odd n, the graphs Ra,b, a + b = n, are not bipartite. Therefore, for odd n, 
it is know that Qn is the maximum-energy bicyclic bipartite graph and there re-
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mains nothing to be added to the proof of Li and Zhang. In view of this, in what 
follows, it is assumed that n is even. 

Fig. 1. The molecular graphs considered in this 
note. All these graphs are assumed to possess n 
vertices and that 12≥n . Therefore a + b = n. 

In order to complete the result of Li and Zhang,11 appropriate computer-based 
investigations were undertaken. First it was necessary to determine which among 
the graphs Ra,b, a + b = n, has the greatest energy. As bipartite graphs are under 
consideration,5 the parameters a and b must be even. In view of the earlier collec-
ted knowledge on the Hückel (4m + 2)-rule (for details see14−16), it could be anti-
cipated that E(Ra,b) will be maximal for a = 6, b = n – 6 (or, what is the same: 
a = n – 6, b = 6). This, indeed, was confirmed by our calculations, performed until 
a + b = 50. 

A comparison of the energies of Qn and R6,n – 6 was now required. For this 
the quantity ∆(n) = E(Qn) – E(R6,n – 6), the dependence of which on n is shown in 
Fig. 2, was computed. 

Fig. 2. The dependence of ∆(n) = 
= E(Qn) – E(R6,n – 6) on the num-
ber n of vertices of the molecular 
graphs considered. For details see 
text. 

As another consequence of the Hückel (4m + 2)-rule, the data points for 
n ≡ 0 (mod 4), i.e., for n = 12, 16, 20, 24,…, lie below the data points for n ≡ 2 
(mod 4), i.e., for n = 14, 18, 22, 26,… For n = 12, the molecular graphs Qn and 
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R6,n – 6 coincide and therefore ∆(12) = 0. For all other (even) values of n, ∆(n) is 
greater than zero. Moreover, as seen from Fig. 2, in the limit case n→∞, ∆(n) 
tends to a value that lies between 0.2 and 0.3. 

By this it was verified that for all even values of n, n > 12, E(Qn) > E(R6,n – 6). 
Consequently, E(Qn) > E(Ra,b) for any even value of a and b, a + b = n. Together 
with the result of Li and Zhang11, this implies that the earlier guess8 that Qn, the 
molecular graph of the α,ω-diphenylpolyene, has the greatest energy among all 
bicyclic graphs was correct. 

И З В О Д  

БИЦИКЛИЧНИ МОЛЕКУЛСКИ ГРАФОВИ СА НАЈВЕЋОМ ЕНЕРГИЈОМ 

БОРИС ФУРТУЛА, СЛАВКО РАДЕНКОВИЋ и ИВАН ГУТМАН 

Prirodno–matemati~ki fakultet Univerziteta u Kragujevcu 

Молекулски граф Qn се добиjа додавањем по једног хексагона на крајње чворове пута 
Pn-12  Ранија емпиријска проучавања указала су на то да Qn има највећу енергију међу свим 
бицикличним (молекулским) графовима са n чворова. Недавно су Li и Zhang доказали да Qn 
има највећу енергију међу свим бипартитним бицикличним графовима, са изузетком гра-
фова Ra,b, a + b=n, где је Ra,b граф добиjен повезивањем циклова Ca и Cb једном граном. 
Сада је овај резултат комплетиран тиме што је показано да Qn има највећу енергију међу 
свим бипартитним бицикличним графовима са n чворова. 

(Примљено 6. децембра 2007) 

REFERENCES 
1. I. Gutman, J. Serb. Chem. Soc. 70 (2005) 441 
2. M. Perić, I. Gutman, J. Radić-Perić, J. Serb. Chem. Soc. 71 (2006) 771 
3. I. Gutman, J. Serb. Chem. Soc. 72 (2007) 967 
4. S. Radenković, I. Gutman, J. Serb. Chem. Soc. 72 (2007) 1343 
5. I. Gutman, O. E. Polansky, Mathematical Concepts in Organic Chemistry, Springer-Verlag, 

Berlin, 1986 
6. I. Gutman, Theor. Chim. Acta 45 (1977) 79 
7. I. Gutman, Y. Hou, MATCH Commun. Math. Comput. Chem. 43 (2001) 17 
8. I. Gutman, D. Vidović, J. Chem. Inf. Comput. Sci. 41 (2001) 1002 
9. Y. Hou, I. Gutman, C. W. Woo, Lin. Algebra Appl. 356 (2002) 27 

10. A. Chen, A. Chang, W. C. Shiu, MATCH Commun. Math. Comput. Chem. 55 (2006) 95 
11. X. Li, J. Zhang, Lin. Algebra Appl. 427 (2007) 87 
12. H. Hua, MATCH Commun. Math. Comput. Chem. 58 (2007) 57 
13. I. Gutman, B. Furtula, H. Hua, MATCH Commun. Math. Comput. Chem. 58 (2007) 85 
14. I. Gutman, S. Bosanac, Tetrahedron 33 (1977) 1809 
15. I. Gutman, M. Stanković, J. Mol. Struct. (Theochem.) 309 (1994) 301 
16. I. Gutman, Monatsh. Chem. 136 (2005) 1055. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


