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Abstract: The applicability of the Hall rule (linear relation between the total 
π-electron energy and the number of Kekulé structures) was investigated in the 
case of fluoranthene-type benzenoid hydrocarbons. It was found that the origin-
nal Hall rule is not obeyed, but holds for sets of isomers with a fixed number of 
bay regions. For such groups of isomers, two apparently contradictory Hall-type 
rules were conceived, and it was found that both give almost identical numeri-
cal results. 
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INTRODUCTION 

The Hall rule, discovered by George Hall in the 1970s1 and formulated in a 
quantitative manner in the 1980s,2,3 claims that within a set of isomeric benze-
noid hydrocarbons, the total π-electron energy, E, increases in a linear manner 
with the number of Kekulé structures, K. Later studies4–9 showed that the Hall 
rule holds only for benzenoid molecules of small and moderate size (with up to 9 
hexagons) and is violated in the case of larger systems. Recently a modified ver-
sion of the Hall rule was proposed,10 in which the dependence of E on K is not 
strictly linear. 

Details of the theory of benzenoid hydrocarbons, including the Hall rule, can 
be found in a book,11 review,12 and the references cited therein. 

Whereas benzenoid hydrocarbons have been in the focus of interest of theo-
retical chemists for more than a century (see the recent papers13–18 and the refe-
rences quoted therein), a very similar class of conjugated molecules has almost 
completely evaded their attention. These are the fluoranthene-type benzenoids, 
obtained by condensing two benzenoid fragments via a five-membered (cyclo-
pentadiene) ring. Four representatives of the fluoranthene-type benzenoid family 
are depicted in Fig. 1, together with a diagram indicating their general structure. 
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Fig. 1. Fluoranthene (1) and three other 
members of the family of fluoranthene- 
-type benzenoid molecules (2, 3, 4). Dia-
gram F shows the general structure of a 
fluoranthene-type system: two benzenoid 
fragments (X and Y) are joined via a five-
-membered ring. The arrows point to edges, 
the count of which is the number of bay 
regions, B; thus B(1) = 2, B(2) = 7, B(3) = 7 
and B(4) = 8. 

Whereas scores of papers and books are devoted to the theoretical chemistry 
of benzenoid hydrocarbons, the first article in which fluoranthene-type benze-
noids were systematically investigated was published only quite recently.19 Al-
most nothing is known on the topological and structure–property relations of fluo-
ranthene-type benzenoid molecules. The aim of the present work (as well as of 
studies that we intend to accomplish in the future) is to contribute towards filling 
this hitherto overseen gap in the theory of polycyclic conjugated molecules. 

A PROBLEM RELATED WITH THE HALL RULE 

According to the Hall rule, if X is a benzenoid molecule with h hexagons, 
h ≤ 9, then its total π-electron energy E(X) and Kekulé structure count K(X) are 
(as a good approximation) related as:2,3 
 E(X) = aK(X) + b 
where a and b are constants that depend on h. 

Now, a fluoranthene F is composed of two benzenoid fragments X and Y (cf. 
Fig. 1) and its total π-electron energy is up to an additive constant equal to E(X) + 
+ E(Y). On the other hand, the Kekulé structure count of F is equal to K(X)K(Y). 
Therefore, one arrives at the following seemingly contradictory Expressions (1) 
and (2): 

1. If the Hall rule is applicable to the entire fluoranthene, then: 
 E(F) = a1[K(X)K(Y)] + b1 (1) 
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2. Since the Hall rule is applicable to the benzenoid fragments X and Y, it 
has to be: 
 E(F) = a2[K(X) + K(Y)] + b2 (2) 

In the above (approximate) formulas, a1, b1, a2 and b2 are pertinently chosen 
constants (see below). In Eq. (2), for the sake of simplicity, it is assumed that the 
fragments X and Y have an equal number of hexagons. 

In order to decide which of the two Hall-type relations hold, Eq. (1) or Eq. (2), 
a detailed numerical study was undertaken. 

NUMERICAL WORK 

In order to test the validity of Eqs. (1) and (2), a data set was constructed 
consisting of all possible fluoranthene isomers in which both fragments X and Y 
are tetracyclic catacondensed benzenoids, a total of 290 isomers (two of these are 
compounds 2 and 3 in Fig. 1). Five tetracyclic catacondensed benzenoids exist, 
i.e., naphthacene (K = 5), benzo[a]anthracene (K = 7), chrysene (K = 8), benzo-
[c]phenanthrene (K = 8), and triphenylene (K = 9). Therefore, the Kekulé struc-
ture counts of the considered fluoranthene isomers assume one of the following 
nine values: 25, 35, 40, 45, 49, 56, 63, 64, and 72. (There are no isomers with K = 
= 92 = 81 because triphenlyene cannot be the X-fragment of a fluoranthene-type 
benzenoid molecule). 

The correlation between the total π-electron energy (E) and the Kekulé struc-
ture count (K) of the considered fluoranthene isomers is shown in Fig. 2. At the 
first glance, the correlation is prohibitively bad. 

Fig. 2. The total π-electron energies (E) 
of isomeric fluoranthenes vs. their Ke-
kulé structure counts (K). It is easily seen 
that in addition to K, there is at least one 
more structural feature that influences E. 
This structural feature was recognized as 
the number of bay regions, B (see Fig. 1). 

A detailed inspection of the data shown in Fig. 2 indicates that some struc-
tural parameter other than the Kekulé structure count influences the value of E, and 
that its effect is of a similar magnitude as that of the Kekulè structures. It was not 
to difficult to identify this structural feature, since an analogous problem was a con-
sidered long time ago and solved within the theory of benzenoid hydrocarbons.11,20 
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On the perimeter of a benzenoid of a fluoranthene-type system, there are 
bonds between carbon atoms to which no hydrogen atoms are attached. In the 
terminology of molecular graphs, on the perimeter there are edges connecting 
two vertices of degree 3. The number of such carbon–carbon bonds (i.e., edges) 
is called “the number of bay regions” and is denoted by B. Examples illustrating 
the bay-region concept are to be found in Fig. 1. 

It was established20 that within isomeric benzenoid hydrocarbons with a 
fixed number of Kekulé structures, the total π-electron energy depends in a nearly 
linear (increasing) manner on the parameter B. Theoretical considerations19 (based 
on the structure-dependence of the spectral moments) suggest that an analogous 
regularity should be expected also in the case of fluoranthenes. That this indeed 
is the case is seen from Fig. 3 and the data collected in Table I. 

Fig. 3. The total π-electron energies (E) of 
isomeric fluoranthenes possessing B = 7 
bay regions vs. their Kekulé structure 
counts (K). The relatively good quality of 
this correlation confirms Eq. (1); the sta-
tistical data for this correlation and those 
for other values of B are given in Table I. 

TABLE I. Data showing the quality of the correlation between the total π-electron energy and 
the two different counts of Kekulé structures, Eqs. (1) and (2), for isomeric fluoranthene-type 
benzenoid hydrocarbons with a fixed number of bay regions (B); N.I.: number of isomers, 
R: correlation coefficient. The correlations for B = 7 are shown in Figs. 3 and 4. 

B N.I. R (Eq. (1)) R (Eq. (2)) 
2 1 – – 
3 2 – – 
4 20 0.9802 0.9861 
5 59 0.9938 0.9955 
6 93 0.9939 0.9941 
7 79 0.9953 0.9947 
8 36 0.9948 0.9955 

However, when an analogous analysis is performed by plotting E not versus 
K = K(X)K(Y) but versus K(X) + K(Y), almost identical results are obtained, see 
Fig. 4 and Table I. 

The way in which the coefficients a1 and b1 in Eq. (1) depend on the number 
of bay regions is shown in Fig. 5. The dependence of a2 and b2 in Eq. (2) is ana-
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logous. Other statistical data on the Correlations (1) and (2) can be obtained from 
the authors, upon request. 

Fig. 4. The total π-electron energies (E) of 
isomeric fluoranthenes possessing B = 7 
bay regions vs. K(X) + K(Y). The relati-
vely good quality of this correlation con-
firms Eq. (2); the statistical data for this 
correlation and those for other values of 
B are given in Table I. 

 
Fig. 5. Dependence of the coefficients a1 and b1 in Eq. (1) on the parameter B. 

The B-dependence of the coefficients a2 and b2 in Eq. (2) 
is almost identical and is therefore not shown. 

DISCUSSION AND CONCLUDING REMARKS 

The main difference between benzenoid- and fluoranthene-type systems is in 
the role of the bay regions. The effect of bay regions in fluoranthene-type hydro-
carbons is much more pronounced and, therefore, only isomers with equal B-va-
lues may be compared. Thus, whereas in the case of benzenoid hydrocarbons, the 
Hall rule applies to all isomers irrespective of their B-values, in fluoranthenes the 
Hall-type regularities (either Eq. (1) or Eq. (2)) are valid only within groups of iso-
mers with a fixed number of bay regions. If fluoranthene isomers with non-equal 
B-values are considered, then the correlation between E and K is very weak (yet 
linear), as seen in Fig. 2. 
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From the data presented in the preceding section, one arrives at a somewhat 
unexpected conclusion: Both forms of the Hall rule, the approximate Formulas (1) 
and (2), have equal precision and their accuracy is practically identical. This, in 
turn, means that the original Hall rule can be applied with similar success to both 
the entire fluoranthene molecules and the two benzenoid fragments that form 
these molecules. Although the mathematical form of the two Hall rules appears 
to be significantly different and not mutually consistent, the quality of their nu-
merical performance is indistinguishable. 

In summary, it was shown in this paper that in the case of fluoranthene-type 
benzenoid hydrocarbons, the original Hall rule is not applicable. However, under 
certain restricted conditions (e.g., fixed B-values) regularities similar to the Hall 
rule could be established. These results indicate that the single five-membered 
ring in the fluoranthene molecule drastically perturbs the regular π-electron con-
figuration found in ordinary benzenoid hydrocarbons. 

И З В О Д  

HALL-ОВО ПРАВИЛО У БЕНЗЕНОИДНИМ УГЉОВОДОНИЦИМА 
ФЛУОРАНТЕНСКОГ ТИПА 

ЈЕЛЕНА ЂУРЂЕВИЋ, СЛАВКО РАДЕНКОВИЋ и ИВАН ГУТМАН 

Prirodno–matemati~ki fakultet Univerziteta u Kragujevcu, Kragujevac 

Испитивана је применљивост Hall-овог правила (линеарне релације између укупне π-елек-
тронске енергије и броја Kekulé-ових структура) у случају бензеноидних угљоводоника флу-
орантенског типа. Нађено је да оригинално Hall-ово правило није задовољено, али да важи за 
групе изомера са фиксираним бројем залива. За такве групе изомера, дошло се до два наиз-
глед контрадикторна правила Hall-овог типа, и нађено је да оба дају готово идентичне нуме-
ричке резултате. 

(Примљено 20. маја 2008) 

REFERENCES 
1. G. G. Hall, Int. J. Math. Educ. Sci. Technol. 4 (1973) 233 
2. G. G. Hall, Publ. Inst. Math. Appl. 17 (1981) 70 
3. I. Gutman, S. Petrović, Chem. Phys. Lett. 97 (1983) 292 
4. I. Gutman, Chem. Phys. Lett. 156 (1989) 119 
5. I. Gutman, G. G. Hall, Int. J. Quantum Chem. 41 (1992) 667 
6. I. Gutman, S. Marković, D. Vukićević, A. Stajković, J. Serb. Chem. Soc. 60 (1995) 93 
7. I. Gutman, S. Marković, G. G. Hall, Chem. Phys. Lett. 234 (1995) 21 
8. S. Marković, I. Gutman, J. Šuković, J. Serb. Chem. Soc. 61 (1996) 539 
9. I. Gutman, Int. J. Quantum Chem. 74 (1999) 627 

10. I. Gutman, S. Radenković, Chem. Phys. Lett. 423 (2006) 382 
11. I. Gutman, S. J. Cyvin, Introduction to the Theory of Benzenoid Hydrocarbons, Springer-

Verlag, Berlin, 1989 
12. I. Gutman, J. Serb. Chem. Soc. 70 (2005) 441 
13. I. Gutman, B. Arsić, M. Denić, I. Stojanović, J. Serb. Chem. Soc. 71 (2006) 785 



 HALL RULE IN BENZENOID HYDROCARBONS 995 

14. I. Gutman, S. Radenković, J. Serb. Chem. Soc. 71 (2006) 1039 
15. I. Gutman, B. Furtula, R. Kovačević, J. Serb. Chem. Soc. 72 (2007) 663 
16. S. Gojak, I. Gutman, S. Radenković, A. Vodopivec, J. Serb. Chem. Soc. 72 (2007) 673 
17. B. Manoochehrian, H. Yousefi-Azari, A. R. Ashrafi, MATCH Commun. Math. Comput. 

Chem. 57 (2007) 653 
18. I. Pesek, A. Vesel, MATCH Commun. Math. Comput. Chem. 58 (2007) 225 
19. I. Gutman, J. Đurđević, MATCH Commun. Math. Comput. Chem. 60 (2008) 659 
20. I. Gutman, G. G. Hall, S. Marković, Z. Stanković, V. Radivojević, Polyc. Arom. Comp. 2 

(1991) 275. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


