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Equienergetic chemical trees
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Abstract: The energy E(G) of a graph G is the sum of the absolute values of the eigenvalues
of G. Two graphs, G1 and G2, are said to be equienergetic if E(G1) = E(G2). We report here
the results of the search for pairs of equienergetic acyclic molecular graphs (chemical trees)
with the same number n of vertices. There are very few such pairs. The smallest has n = 9

and pertains to 3,3-diethylpentane and 3-methyloctane. Among the chemical trees with n �

18, only five more such pairs and a triplet were found.

Keywords: energy of graph, total �-electron energy, chemical trees, equienergetic graphs.

INTRODUCTION

The total �-electron energy E, as calculated within the Hückel molecular orbital

(HMO) model, is one of the most important and most studied molecular-graph-based

quantum mechanical characteristics of conjugated molecules. For the vast majority of (but

not all) conjugated molecules, E satisfies the simple expression

E = E(G) = | |x i

i

n

�

�
1

(1)

where G is the molecular graph representing the �-electron system, x1, x2, …, xn the

eigenvalues, and n the number of vertices of G. Details of the theory of the HMO total

�-electron energy are found in the books�1–4 A long time ago,5 the right-hand side of Eq.

(1) was used as a definition of a quantity called energy of a graph. By this, the consider-

ations of E(G) need no longer be restricted to molecular graphs of conjugated �-electron

systems, but can be extended to all graphs. This not only provided a stimulus for work on

the mathematical theory of E(G) (as, for instance, in recent papers6–15), but also made it

possible to apply E(G) in the study of the physico-chemical properties of saturated organic

compounds16–20 and biopolymers.18

If G1 and G2 are two graphs for which the equality E(G1) = E(G2) is satisfied, then G1

and G2 are said to be equienergetic.
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A problem, encountered in chemical graph theory a long time ago, is whether there

exist molecular graphs with identical spectra (so called “cospectral molecular graphs”).

The answer is affirmative, as was first shown by Balban and Harary21 and Herndon.22,23

In view of Eq. (1), cospectral molecular graphs are necessarily equienergetic. The question

whether pairs of non-cospectral equienergetic molecular graphs pertaining to isomers (thus

possessing an equal number of vertices and an equal number of edges) exist remained until

now unanswered. In fact, the first examples of non-cospectral equienergetic graphs

(which, however, are not molecular graphs) were discovered very recently.14,15

We now show that among chemical trees (i.e., acyclic molecular graphs) pairs of

non-cospectral equienergetic species exist and all of them are to be found for n � 18.

Recall that a connected acyclic graph is called a tree. Achemical tree is a tree in which

no vertex has a degree greater than four.2,4 An n-vertex tree possesses n – 1 edges; thus if

two trees have an equal number of vertices, they also have an equal number of edges.

SEARCH FOR EQUIENERGETIC CHEMICAL TREES

In order to detect equienergetic chemical trees, we downloaded from the site24 the

files containing all trees with n vertices (n = 4, 5, …, 18), computed their eigenvalues and

energies, and recorded those having equal energies. Recall that three are 205001 trees with

4 � n � 18, of which 103444 are chemical trees.4
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Fig. 1. The six pairs (Ti, Ti+1), i = 1, 3, 5, 7, 9, 11, and the triplet (T13, T14, T15) of equienergetic chemical trees. These

are the only non-cospectral equienergetic chemical trees withn � 18 vertices. The three smallest pairs correspond

to 3,3-diethylpentane and 3-methyloctane (T1 and T2, both with 9 vertices), 2,5,7-triethyl-3-isopropyloctane and

4-tert-butyl-4-isopropyl-heptane (T3 and T4, both with 14 vertices), and 3,3-diethyl-4-methyl-4-propylheptane

and 2,12-dimethyltridecane (T5 and T6, both with 15 vertices). The trees T13 and T14 are cospectral, hence

within the triplet (T13, T14, T15) only the pairs (T13, T15) and (T14, T15) are non-cospectral equienergetic.



After abandoning the cospectral species, what remains are the pairs of non-cospectral

equienergetic trees. We found a total of 27 such pairs and 5 triplets (two members in each

triplet being cospectral). Of them only six pairs and one triplet consisted of chemical trees.

These are depicted in Fig. 1.

VERIFYING EQUIENERGETICITY

As the search described in the previous section was based on numerical calculations,

there remains a doubt that the pairs of chemical trees detected have not equal, but only very

closely lying E-values. In order to verify that these pairs really have equal energies, some

further efforts are necessary.

In what follows, the equienergeticity of the three smallest pairs, namely of (T1, T2),

(T3, T4) and (T5, T6), is demonstrated. In order to do this, the concept of “energy of a poly-

nomial” is used: If P(x) is a polynomial whose zeros are x1, x2, …, xt, then the energy of P

is defined as E(P(x)) = |x1| + |x2| + … + �xt|.

Bearing in mind the fact1,2 that the eigenvalues x1, x2, …, xn of a graph G are the zeros

of the characteristic polynomial �(G, x) of this graph, it is clear that E(G) = E(�(G, x)).

It is necessary to first prove two simple auxiliary formulas:

E (x2 – p) = 2 p (2)

E (x4 – px2 + 1) = 2 p � 2 (3)

Formula (2) is obvious, since the roots of x2 – p are p and – p .

In order to deduce (3) note that the roots of x4 – px2 + 1 are:

x1,2 = �
1

2
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p p� 	



�
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�
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�
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Therefore

E(x4 – px2 + 1) = 2(x1 + x3) = 2 ( )x x1 3
2

� = 2 x x x x1
2

3
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from which formula (3) is immediately deduced.

Methods for the calculation of the characteristic polynomials of trees are well elabo-

rated and are relatively easy.2,4 Thus, by direct calculation one obtains:

�(T1, x) = x(x2 –1)(x2 – 4)(x4 – 3x2 + 1)

�(T2, x) = x(x2 – 1)3(x2 – 5)
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Therefore, in view of Eqs. (2) and (3).

E(T1) = E(�(T1, x)) = E(x) + E(x2 – 1) + E(x2 – 4) + E(x4 – 3x + 1) =

= 0 + 2 1 2 4 2 3 2� � �

E(T2) = E(�(T2, x)) = E(x) + 3E(x2 – 1) + E(x2 – 5) =

= 0 + 3 � � 1 2 5�

From these results it is evident that E(T1) = E(T2). The fact that the polynomials �(T1,

x) and �(T2, x) are not identical implies that T1 and T2 are not cospectral.

In the case of the trees T3 and T4 as well as T5 and T6 the calculation is somewhat

more evolved and yields

�(T3, x) = x4 (x2 – 2)2 (x2 – 5) (x4 – 4x + 1)

�(T4, x) = x4 (x2 – 2)2 (x2 – 6) (x4 – 3x + 1)

�(T5, x) = x3 (x2 – 1)3 (x2 – 2) (x2 – 3) (x2 – 6)

�(T6, x) = x3 (x2 – 1) (x2 – 2) (x2 – 3) (x2 – 4) (x4 – 4x2 + 1)

from which, using Eqs. (2) and (3), it follows

E(T3) = 2 �2 2 22 5 4 2� � �

E(T4) = 2 �2 2 22 6 3 2� � �

E(T5) = 3 �2 2 21 2 3 2 6� � �

E(T6) =2 2 21 2 3 2 4 2 4 2� � � � �

Comparing the above expressions, it can be concluded that E(T3) = E(T4) and E(T5) =

E(T6). In addition, the polynomials �(T3, x) and �(T4, x) are different, and so are �(T5, x)

and �(T6, x). Therefore, neither T3 and T4 nor T5 and T6 are cospectral.

The proof of the equienergeticity of the other pairs of trees depicted in Fig. 1 is analo-

gous, yet still more cumbersome.

DISCUSSION

The importance of equienergetic molecular graphs lies in the difference in their struc-

ture. Namely, if the energies of two molecular graphs are equal, then whatever is the differ-

ence in their structure it is either irrelevant as far as energy is concerned, or the effects of

different structural features cancel out each other. In both cases, examination of the struc-

ture of equienergetic molecular graphs reveals valuable information on the structure-de-

pendency of the energy.

As an example, consider the chemical trees T9 and T10, depicted in Fig. 1. It is evident

that T10 is much more branched than T9. As in chemical trees branching is known25,26 to

have a decreasing effect on E, there evidently must exist another structural feature: either a

stabilizing one in T10 (absent in T9) or a destabilizing one in T9 (absent in T10). It might be

that, in this particular example, this extra effect comes from the number of non-bonding

molecular orbitals27 – whereas T9 has two non-bonding MOs, T10 has none.
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I Z V O D

EKVIENERGETSKA HEMIJSKA STABLA
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Energija E(G) grafa G je zbir apsolutnih vrednosti sopstvenih vrednosti grafa G. Za

dva grafa, G1 i G2, ka`e se da su izoenergetski ako je E(G1) = E(G2). U radu su saop{teni

rezultati tra`ewa parova ekvienergetskih acikli~nih molekulskih grafova (hemijskih

stabala) sa istim brojem n ~vorova. Ima veoma malo takvih parova. Najmawi ima n = 9 i

odgovara 3,3-dietilpentanu i 3-metiloktanu. Me|u hemijskim stablima sa n � 18 na|eno je

jo{ samo pet takvih parova kao i jedna trojka.

(Primqeno 26. januara 2004)
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