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Equienergetic chemical trees
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Abstract: The energy E(G) of a graph G is the sum of the absolute values of the eigenvalues
of G. Two graphs, G| and G, are said to be equienergetic if £(G;) = E(G,). We report here
the results of the search for pairs of equienergetic acyclic molecular graphs (chemical trees)
with the same number 7 of vertices. There are very few such pairs. The smallest has n =9
and pertains to 3,3-diethylpentane and 3-methyloctane. Among the chemical trees with # <
18, only five more such pairs and a triplet were found.
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INTRODUCTION

The total m-electron energy F, as calculated within the Hiickel molecular orbital
(HMO) model, is one of the most important and most studied molecular-graph-based
quantum mechanical characteristics of conjugated molecules. For the vast majority of (but
not all) conjugated molecules, £ satisfies the simple expression

E=E(G)=Zn:|x,-| (1)
i=1

where G is the molecular graph representing the m-electron system, xi, x», ..., x;, the
eigenvalues, and » the number of vertices of G. Details of the theory of the HMO total
ni-electron energy are found in the books.I™# A long time ago,’ the right-hand side of Eq.
(1) was used as a definition of a quantity called energy of a graph. By this, the consider-
ations of £(G) need no longer be restricted to molecular graphs of conjugated m-electron
systems, but can be extended to all graphs. This not only provided a stimulus for work on
the mathematical theory of £(G) (as, for instance, in recent papers®-15), but also made it
possible to apply £(G) in the study of the physico-chemical properties of saturated organic
compounds!©-20 and biopolymers.!8

If Gy and G, are two graphs for which the equality £(G|) = E(G) is satisfied, then Gy
and G, are said to be equienergetic.
#  Serbian Chemical Society active member.
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A problem, encountered in chemical graph theory a long time ago, is whether there
exist molecular graphs with identical spectra (so called “‘cospectral molecular graphs™).
The answer is affirmative, as was first shown by Balban and Harary?! and Herndon.22-23
In view of Eq. (1), cospectral molecular graphs are necessarily equienergetic. The question
whether pairs of non-cospectral equienergetic molecular graphs pertaining to isomers (thus
possessing an equal number of vertices and an equal number of edges) exist remained until
now unanswered. In fact, the first examples of non-cospectral equienergetic graphs
(which, however, are not molecular graphs) were discovered very recently.!415

We now show that among chemical trees (i.e., acyclic molecular graphs) pairs of
non-cospectral equienergetic species exist and all of them are to be found for n < 18.

Recall that a connected acyclic graph is called a tree. A chemical tree is a tree in which
no vertex has a degree greater than four.2# An n-vertex tree possesses 7 — 1 edges; thus if
two trees have an equal number of vertices, they also have an equal number of edges.

SEARCH FOR EQUIENERGETIC CHEMICAL TREES

In order to detect equienergetic chemical trees, we downloaded from the site2# the
files containing all trees with n vertices (n =4, 5, ..., 18), computed their eigenvalues and
energies, and recorded those having equal energies. Recall that three are 205001 trees with
4 <n <18, of which 103444 are chemical trees.
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Fig. 1. The six pairs (7}, T311),i=1,3,5,7,9, 11, and the triplet (713, 714, 715) of equienergetic chemical trees. These
are the only non-cospectral equienergetic chemical trees with 2 < 18 vertices. The three smallest pairs correspond
to 3,3-diethylpentane and 3-methyloctane (77 and 75, both with 9 vertices), 2,5, 7-triethyl-3-isopropyloctane and
4-tert-butyl-4-isopropyl-heptane (73 and 7}, both with 14 vertices), and 3,3-diethyl-4-methyl-4-propylheptane
and 2,12-dimethyltridecane (75 and T, both with 15 vertices). The trees 773 and 774 are cospectral, hence
within the triplet (773, 734, 7}5) only the pairs (733, 7}s) and (774, 7}5) are non-cospectral equienergetic.
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After abandoning the cospectral species, what remains are the pairs of non-cospectral
equienergetic trees. We found a total of 27 such pairs and 5 triplets (two members in each
triplet being cospectral). Of them only six pairs and one triplet consisted of chemical trees.
These are depicted in Fig. 1.

VERIFYING EQUIENERGETICITY

As the search described in the previous section was based on numerical calculations,
there remains a doubt that the pairs of chemical trees detected have not equal, but only very
closely lying E-values. In order to verify that these pairs really have equal energies, some
further efforts are necessary.

In what follows, the equienergeticity of the three smallest pairs, namely of (77, 75),
(T3, Ty) and (75, Tg), is demonstrated. In order to do this, the concept of “energy of a poly-
nomial” is used: If P(x) is a polynomial whose zeros are x|, x», ..., X, then the energy of P
is defined as E(P(x)) = x| + o + ... + x|,

Bearing in mind the fact!-2 that the eigenvalues x1, x5, .. ., x,, of a graph G are the zeros
of the characteristic polynomial ¢(G, x) of this graph, it is clear that £(G) = E(¢(G, x)).

It is necessary to first prove two simple auxiliary formulas:

Ex2-p)=2Jp 2
E*—p2+1)=2/p +2 3)

Formula (2) is obvious, since the roots of x2 — p are \/; and — \/; .
In order to deduce (3) note that the roots of x* — px2 + 1 are:

x1,2=i\/;(p+\/p2—4j and x3’4=i\/;(p— p2—4j

Therefore

ECA—px2+1)=2(x +x3):2\/(x1 er3)2 :2\/x12 +x§ +2x1x3

1 1
x12+x32=2(p +p° —4)+2(p ~\p® —4)=p

Now,

whereazx :21 \/T e 2 N_[.2 2 ,_
or2 o) )

from which formula (3) is immediately deduced.
Methods for the calculation of the characteristic polynomials of trees are well elabo-
rated and are relatively easy.2* Thus, by direct calculation one obtains:

d(T1, x) = x(x2 —1)(x2 — )4 —3x2 + 1)
H(T, x) =x(x> — 1)3(x* - 5)
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Therefore, in view of Egs. (2) and (3).
E(T)) = E@(T}, x)) = E(x) + E02 — 1) + E(x2 —4) + E0* — 3x + 1) =
=0+2J1 +2/4 +24/3+2
E(T») = E(@(T», x)) = E(x) + 3E(x2 — 1) + E(x2 - 5) =
=0+3x 21 +24/5
From these results it is evident that £(77) = E(75). The fact that the polynomials ¢(77,
x) and ¢(75, x) are not identical implies that 7 and 7, are not cospectral.
In the case of the trees 73 and 7, as well as 75 and T the calculation is somewhat
more evolved and yields

A(T3,x)=x* (2 —2)2 (x2 = 5) (*—dx + 1)

(T4, x) =4 (2 =22 (x2—6) (A —3x+1)

P(Ts5, ) =x3 (¥2 = 1) (- 2) (x2 - 3) (x* - 6)
d(T6,x)=x3 (22— 1) (2 —2) (2 —3) (x> —4) (A —4x2 + 1)

from which, using Egs. (2) and (3), it follows
E(T3)=2x232 +2/5+2 [4 +2
E(T3)=2x2~2 +23/6 +2.[3+2

E(T5)=3 x21 +22 +2/3 +26
E(Tg) =21 4242 +2/3 +2/4 +24/4 +2

Comparing the above expressions, it can be concluded that £(73) = E(T) and E(T5) =
E(T¢). In addition, the polynomials ¢(73, x) and (7}, x) are different, and so are ¢(7s, x)
and ¢(T, x). Therefore, neither 75 and T4 nor 75 and T are cospectral.

The proof of the equienergeticity of the other pairs of trees depicted in Fig. 1 is analo-
gous, yet still more cumbersome.

DISCUSSION

The importance of equienergetic molecular graphs lies in the difference in their struc-
ture. Namely, if the energies of two molecular graphs are equal, then whatever is the differ-
ence in their structure it is either irrelevant as far as energy is concerned, or the effects of
different structural features cancel out each other. In both cases, examination of the struc-
ture of equienergetic molecular graphs reveals valuable information on the structure-de-
pendency of the energy.

As an example, consider the chemical trees 7g and 77, depicted in Fig. 1. It is evident
that 7} is much more branched than To. As in chemical trees branching is known23-26 to
have a decreasing effect on £, there evidently must exist another structural feature: either a
stabilizing one in 7 (absent in 7g) or a destabilizing one in 7y (absent in 7). It might be
that, in this particular example, this extra effect comes from the number of non-bonding
molecular orbitals?” — whereas 7o has two non-bonding MOs, T has none.
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U3BOJ

EKBUEHEPI'ETCKA XEMUICKA CTABJIA
BJIAJIMMUP BPAHKOB?, IPATAH CTEBAHOBUE? u UBAH YT MAHO
4 Ipupodno-maitiemaiivaxu paxyaiieid y 6Humy u Ipupoono-maitiemattiuuku gpaxyaitieiti y Kpazyjesuyy

Enepruja E(G) rpacda G je 30up arcolnyTHUX BPeAHOCTH CONCTBEHUX BpefHOCTU Ipada G. 3a
mBa rpada, G| u G,, Kaxe ce [a ¢y U30eHepreTcku aKko je E(G) = E(G,). Y papy Cy CaolIITeHI
pe3yiTaTi Tpaxkema MapoBa eKBUEHEPreTCKUX AlMKINYHIX MOJIEKYJICKHX rpadoBa (XeMHUjCKUAX
crabasa) ca uctuM OpojeM n 4yBopoBa. imMa Beoma Maso TakBuX maposa. Hajmamwu uma n = 9 u
ofrosapa 3,3-mueTunmnenTany n 3-MeTHIoKTaHy. Meby xemmjckiM crabmmma ca n < 18 Habeno je
jOILI caMo MeT TaKBUX NIApoBa Kao U jefiHa TPOjKa.

(ITpumibeno 26. jaryapa 2004)
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