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Ordering of alkane isomers by means of connectivity indices
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The connectivity index of an organic molecule whose molecular graph is G is defined
as C(L) =2(8,5,*, where 8, is the degree of the vertex u in G, where the summation goes over
all pairs of adjacent vertices of G and where A is a pertinently chosen exponent. The usual
value of A is —1/2, in which case y = C(—1/2) is referred to as the Randi¢ index. The ordering of
isomeric alkanes according to y follows the extent of branching of the carbon-atom skeleton.
We now study the ordering of the constitutional isomers of alkanes with 6 through 10 carbon
atoms with respect to C(A) for various values of the parameter A. This ordering significantly
depends on A. The difference between the orderings with respect to y and with respect to C(L)
is measured by a function A and the A-dependence of A was established.
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INTRODUCTION

The connectivity index is one of the most popular molecular-graph-based struc-
ture-descriptors! and is defined as2-3

C)=Ch; G)= Y 6,0,)" (1)

uY

where J,, denotes the degree (= number of first neighbors) of the vertex « of the molecu-
lar graph G, where the summation goes over all pairs of adjacent vertices of G and
where A is a pertinently chosen exponent. This structure-descriptor was introduced a
quarter of century ago by Randié,? who chose .. =—1/2. However, in the chemical litera-
ture other choices of A were also considered, in particular 1, =+1 (e.g., in the papers*-©),
L=-1 (e.g., in the papers?3.7:8). In several works?~12 the exponent A was treated as an
adjustable parameter, chosen so as to optimize the correlation between C(L) and some
physico-chemical property of some selected class of organic compounds. More data
and additional references on C()) can be found elsewhere.3-8

Anyway, the choice A =—1/2 is certainly the most popular one and the most often em-
ployed.1:13:14 The respective structure-descriptor y = C(—1/2) is referred to as the Randic in-
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dex or Randi¢ connectivity index or molecular connectivity index or simply connectivity in-
dex, although Randi¢ himself2 named it the branching index. It is commonly accepted that
%(G) is a measure of branching of the respective carbon-atom skeleton and that, conse-
quently, the ordering of isomeric alkanes with respect to decreasing y-values basically rep-
resents their ordering according to the increasing extent of branching. (More details on the
concept of branching and on ordering of alkanes with respect to other topological indices
can be found in a recent study by Balaban, Mills and Basak.15)

C-EQUIVALENT ALKANES

When ordering isomeric alkanes with regard to their connectivity indices one
needs to take into account that there exist pairs of isomers whose C(A)-values coincide
for all A. To see this rewrite Eq. (1) as

C) =Y my G- j)"

i<j

where m;; denotes the number of edges of the graph G connecting a vertex of degree
i with a vertex of degree j. For molecular graphs the above formula becomes:

COY=mpa(1-2*+m3(1 -3 +mig (1 - Hr+m 222 +mp3(2-3)* +
tmag (2 Akt m33 (3 -3+ mag B D+ masd -

ie.,

CA) = m1g 2%+ m13 3%+ m14 4% + mog 4+ mp3 64 + moa 8% + m33 9
+ m34 12M + myy 164 (2)

From Eq. (2) it is evident that molecules for which all the nine parameters m >,
m13, mi4, M7, M3, M4, M33, M34, Mq4 are equal will have equal connectivity indices,
independent of the value of the exponent A. Such molecules are referred to as C-equiva-
lent. Among alkanes there are numerous families of C-equivalent species, one of these
is depicted in Fig. 1.

Fig. 1. Molecular graphs of three C-equivalent alkanes (3,3,5-trimethyloctane, 3,3,6-trimethyloctane and
3,5,5-trimethyloctane); their connectivity indices coincide for all values of the exponent A because for all
the three isomers mio = 2, my3= 1, mig = 2, myy = 1, mpy3 = 2, Moy = 2.

There are no C-equivalent alkanes with 7 or fewer carbon atoms, but beginning
with octanes their number increases rapidly.
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Within each family of C-equivalent alkanes the ordering with respect to C(A) is
immaterial. In order to avoid this difficulty, we have considered sets of isomeric alkanes
in which exactly one representative was taken from each C-equivalent family.

By the above described procedure, complete sets of isomeric alkanes with n =6,
7, 8,9 and 10 carbon atoms in which no two elements are C-equivalent were con-
structed. These sets consist of 5, 9, 16, 28 and 49 elements, respectively. (Recall that
thereare 5,9, 18,35 and 75 distinct constitutional isomers of C,,Hp;42,7=6,7,8,9, 10.)
In Fig. 2 are, for illustrative purposes, shown the molecular graphs of the nonane iso-
mers examined in this work. They are numbered so that their order achieved for A =

-121s1,2,3,...,28.
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Fig. 2. A complete set of nonane isomers, without C-equivalent species; the isomers are ordered
with respect to the Randi¢ index y = C(-1/2).

DEPENDENCE OF THE ORDERING OF ALKANE ISOMERS ON THE EXPONENT A

The connectivity index y = C(—1/2) was introduced? as a measure of branching.
This means that if the alkanes are ordered so that their y-values decrease then the extent
of their branching should increase. This is indeed the case, especially if some “local”
ambiguities are disregarded; cf. Fig. 2. Therefore the starting point for our analysis was
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the ordering of isomeric alkanes according to the Randi¢ y-index, C(1), A.=—0.5. When
)\ assumes values other than —0.5, then the ordering changes significantly.!® This is il-
lustrated in Table 1.

TABLE I. Isomeric decanes (without C-equivalent species) ordered according to C(A) for A=—0.3,—0.4,
...,—1.2; the order according to the Randi¢ index y (i.e., accordingtoA=—0.5)ischosentobe 1,2,3, ...,49

-03 -04 -05 -0.6 -0.7 -0.8 -0.9 -1.0 -1.1 -1.2
1 1 1 1 1 1 1 4 4 4
2 2 2 2 2 2 4 1 7 7
3 3 3 4 4 4 2 2 2 2
5 5 4 3 3 7 7 7 1 1
4 4 5 6 7 3 6 6 6 6
6 6 6 7 6 6 3 3 8 8
8 8 7 5 8 8 8 8 3 16
9 7 8 8 5 5 11 11 16 3
10 9 9 9 9 9 9 16 11 11
7 10 10 10 11 11 16 9 18
12 12 11 11 10 10 5 5 18 9
13 13 12 12 16 16 10 10 10 10
15 11 13 13 12 18 18 18 5 20
11 15 14 16 14 12 14 14 14 14
17 17 15 14 13 14 12 20 20 5
14 14 16 18 18 13 20 12 12 22
19 16 17 17 17 20 13 13 22 12
23 19 18 15 20 17 17 17 17 17
21 18 19 20 19 22 22 22 13 13
16 21 20 19 15 19 19 19 19 25
18 23 21 22 22 15 24 24 25 24
26 20 22 21 21 21 25 25 24 19
20 22 23 24 24 24 21 21 21 21
27 26 24 23 25 25 15 15 29 29
22 24 25 25 23 28 28 28 28 28
24 27 26 26 28 29 29 29 15 36
25 25 27 28 29 23 23 23 36 15
28 28 28 29 26 26 30 30 31 31
29 29 29 27 30 30 31 31 30 30
30 30 30 30 27 31 26 36 23 23
31 31 31 31 31 27 36 26 26 37
32 32 32 32 32 36 27 27 37 26
33 33 33 33 36 32 32 32 34 41
35 34 34 34 33 33 33 33 33 39




TABLE I. Continued
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-0.3 -04 -0.5 —0.6 -0.7 - 0.8 -0.9 -1.0 1.1 -1.2
34 35 35 36 34 34 34 34 32 34
38 36 36 35 37 37 37 37 41 33
36 38 37 37 35 39 39 39 39 32
37 37 38 39 39 35 41 41 27 27
39 39 39 38 41 41 35 35 35 40
40 40 40 40 40 40 40 40 40 35
42 42 41 41 38 38 38 38 42 42
43 41 42 42 42 42 42 42 38 45
44 43 43 43 43 45 45 45 45 38
41 44 44 44 45 43 43 43 43 43
45 45 45 45 44 44 44 44 44 44
46 46 46 46 46 46 46 46 46 46
47 47 47 48 48 48 48 48 48 48
48 48 48 47 47 47 47 47 49 49
49 49 49 49 49 49 49 49 47 47

As akind of surprise, it was found that the ordering of alkanes with regard to C(A)
is extremely sensitive to the choice of the exponent A. Already minute deviations of A
from its usually accepted value —0.5 change the initial ordering, ¢f. Table II. This “insta-
bility” of the Randi¢ index y has obvious implication on its interpretation as a measure
of branching. It shows that (in some cases) statements of the type “isomer A is more
branched than isomer B” (based on 7) are not free of ambiguities.

TABLE II. Same data as in Table I for A slightly deviating from its initial value — 0.5

~045 —046 -047 -048 —049 -0.50 -051 -0.52 —053 —0.54 —0.55
1 1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2 2 2 2
3 3 3 3 3 3 3 3 3 3 3
4 4 4 4 4 4 4 4 4 4 4
5 5 5 5 5 5 5 5 5 5 5
6 6 6 6 6 6 6 6 6 6 6
8 8 8 8 7 7 7 7 7 7 7
7 7 7 7 8 8 8 8 8 8 8
9 9 9 9 9 9 9 9 9 9 9
10 10 10 10 10 10 10 10 10 10 10
12 12 12 12 12 11 11 11 11 11 11
11 11 11 11 11 12 12 12 12 12 12
13 13 13 13 13 13 13 13 13 13 13
15 15 15 15 14 14 14 14 16 16 16
14 14 14 14 15 15 16 16 14 14 14
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TABLE II. Continued
-045 -046 —-047 -048 —-049 -050 -0.51 -0.52 -0.53 —-0.54 —0.55

17 17 17 17 16 16 15 15 17 17 17
16 16 16 16 17 17 17 17 15 15 15
18 18 18 18 18 18 18 18 18 18 18
19 19 19 19 19 19 19 19 19 19 19
21 21 20 20 20 20 20 20 20 20 20
20 20 21 21 21 21 21 21 21 21 21

23 23 23 23 22 22 22 22 22 22 22
22 22 22 22 23 23 23 23 23 23 23
26 26 24 24 24 24 24 24 24 24 24
24 24 26 26 26 25 25 25 25 25 25
25 25 25 25 25 26 26 26 26 26 26
27 27 27 27 27 27 28 28 28 28 28
28 28 28 28 28 28 27 27 29 29 29
29 29 29 29 29 29 29 29 27 27 27
30 30 30 30 30 30 30 30 30 30 30
31 31 31 31 31 31 31 31 31 31 31
32 32 32 32 32 32 32 32 32 32 32
33 33 33 33 33 33 33 33 33 33 33
34 34 34 34 34 34 34 34 34 34 34
35 35 35 35 35 35 35 35 35 36 36
36 36 36 36 36 36 36 36 36 35 35
38 38 37 37 37 37 37 37 37 37 37
37 37 38 38 38 38 39 39 39 39 39
39 39 39 39 39 39 38 38 38 38 38
40 40 40 40 40 40 40 40 40 40 40
41 41 41 41 41 41 41 41 41 41 41
42 42 42 42 42 42 42 42 42 42 42
43 43 43 43 43 43 43 43 43 43 43
44 44 44 44 44 44 44 44 44 44 44
45 45 45 45 45 45 45 45 45 45 45
46 46 46 46 46 46 46 46 46 46 46
47 47 47 47 47 47 47 47 47 47 47
48 48 48 48 48 48 48 48 48 48 48
49 49 49 49 49 49 49 49 49 49 49

In order to quantify the dependence of the ordering of the alkane isomers on the
exponent A, we introduced two functions A and A,,,.

Suppose that the isomers considered are labeled by 1, 2, ..., N and that their initial
order (or more precisely: the initial order of their labels) is @ = (a1, a, ..., ay). Let an-
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other ordering of the same isomers be b = (b1, ba, ..., by). Hence, a and b are permuta-
tions of the numbers 1,2, ..., N. The question is: How to measure the difference between
the permutations a and b?

A plausible and easy-to-guess measure of this difference is

N
A=Aab) =3 a; —b;)>. 3)
N

The tacit assumption in the definition (3) is that all changes in the ordering b rela-
tive to a are equally important. However, in reality one is always more interested in the
changes at the two ends of the orderings than at their middle. (For instance, knowing
“which is the most branched decane” is certainly more important than “which is the
seventeenth-most branched decane™.)

In view of this, we constructed another measure of the difference between two or-
derings:

A = A(a,b) =]1V§(ai — b)) war) @
i=1

where w(a;) is a pertinently chosen weight, constructed so as to give preference to
the first and last members of the ordering relative to its middle members. The sim-
plest such weight is the linear one defined as follows.

For N even:
wiaj) = 2W—1(N_ai)+1 for <a; <N/2
N =2 5)
:2W_1 [ai _N+2j+l forN/2£aiSN
N -2 2
For N odd:
W —-1( N +1 for 1 <a: <(N+1/2
V= 2 —a; |+1 orl<a;<( )
w(a;) N—l( z) 6)
:2?\;_1(‘” _N+1j+1 for (N+1)2<a; <N

In the above formulas, W is a weighting parameter, implying that changing place
between the first and the second member (as well as between the last and the second-last
member) is /¥ times more important than the exchange of two middle members. In our
calculations the value W= 10 was adopted, i.e., that the first and last members are one
order of magnitude more important than the middle members. Further, our labeling was
such that a; = i, which somewhat simplified the expressions (3) — (6).
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DEPENDENCE OF A AND A,, ON THE EXPONENT A

The quantities A and A,,, Egs. (3) and (4) were calculated fora=(1,2, ..., N) being the
ordering of alkanes achieved by means of the Randic¢ index  and b being the analogous or-
dering according to C(A). By this A and A,,,become functions of a continuous variable A.

Both A(A) and A,()) are stepwise functions: when A changes continuously, they
remain constant and increase jumpwise at the value of A for which a change (or, per-
haps, several changes) in the ordering of the isomers occurs.

Calculations were performed for the above specified sets of alkanes with 6
through 10 carbon atoms (cf, Fig. 2). Two characteristic results are shown in Figs. 3 and
4. An example of the dependence of A on positive values of A (which, from the point of
view of chemical applications, is less interesting) is shown in Fig. 5.

What first needs to be noted — and what was by no means anticipated —is that A(A)
and A,,(A) have almost identical forms (although their numerical values are quite differ-

A

6l

51

-02 -04 -0.6 ~-0.8 -1.0 =12

30

20}

-02 -0.4 -086 -0.8 -1.0 -1.2

Fig. 3. The A-dependence of the functions A and A,, for nonanes (cf. Fig. 2).
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ent). Thus, at least for the alkane orderings studied in this work, the weighted A-func-
tion, Egs. (4)—(6), yields essentially the same results as its unweighted variant, Eq. (3).

The most remarkable feature of A(L) and A, (1) is that there are certain values
(or narrow intervals) of A at which the jumps of these functions are very large. The
most obvious such jumps are at L =—1 (seen in Figs. 3 and 4) and A =+1 (seen in Fig.
5). These occur exactly at . ==1. Other pronounced jumps are in the vicinity of A=+2
and A =43 (seen in Fig. 5) as well as of A =—2 and A =—3. Another sharp change of A
occurs around A =—0.85 and consists of a large number of near-lying jumps (see Figs.
3 and 4). Each sudden change of A corresponds to a major rearrangement in the order-
ing of the alkane isomers. Two such rearrangements, at A = —0.85and atA=—1 are es-
pecially significant for the interpretation of the connectivity index, and have been
(from another point of view) examined in detail elsewhere 3-8

Both A(A) and A, () have a well-shaped minimum at A =— 0.5, a direct conse-
quence of the definitions (3) and (4). In addition to this, there exist numerous other,
shallow and difficult-to-notice minima: one such is seen in Fig. 5 at A =~ 1.95.
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Fig. 4. Same as Fig. 3, for decanes.
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Fig. 5. The A-dependence of the function D for decanes, for positive values of A.

The maximal possible value of A is (N2 — 1)/3, achieved for the permutation b =
(N,N—1,...,3,2, 1). As demonstrated elsewhere, !¢ in the case of connectivity indices
such an inverse ordering can never happen. On the other hand, when A tends to zero
(from the positive side) then A(L) assumes values that are quite close to (V2 — 1)/3. Thus
forn=6,7,8,9and 10 the limit value of A(A) is 7.6, 25.3, 80.4, 244.8 and 750.1, respec-
tively, which should be compared with 8, 26.7, 85, 261 and 800 obtained for the hypo-
thetical inverse ordering. It can be seen that the ordering of the alkane isomers accord-
ing to C(\) maximally differs from the ordering according to the Randi¢ index y for
near-zero positive values of the exponent A.

nu 3 B O [

PEBABE N3OMEPHUX AITIKAHA ITOMORY MHIOEKCA ITOBE3AHOCTU

MBAHTI'YTMAH, IYIINUOA BUJOBWUHR u AHKA HEIUR
Ipupoono-maitiemaitiuuxu gpaxyaitieini y Kpazyjesuy

MHpexc noBe3aHOCTH OPraHCKOT MOJIEKYJIa Ydji MOJIEKYJIcKU rpad je G, aeuHucas je
kao C(L) = Z(6u6v)}‘, e je Oy cTereH uBopa y rpada G, Tie cyMupame ujie MpeKko CBUX MapoBa
cycelHuX YBopoBa rpada G u rjie je A morogHo ogabpaHu eKCIIOHEHT. Y 001yajeHa BpeJHOCT 3a
Aje—1/2, xapa ce y, = C(—1/2) nasusa Panpuhes unnexc. [Topegak n3oMepHUX ajKaHa npema y,
IIpaTy BEJINYUHY pa3rpaHaTOCTH YITbeHUYHOT cKejieTa. MU cMO NpOYYHIIN Opeak u3oMepa
ankaHa ca 6 10 10 yribeHuKOBUX aToma y ogHocy Ha C()) 3a pa3He BpeHOCTH IapameTpa A.
IMopenak 3HavajHO 3aBuCH O A. Pasnuka u3meby nopenaka y ogsocy Ha y u 'y ogHocy Ha C(A)
MepeHa je (pyHKIMjOM A 1 yCTaHOBJbEHO je KaKO A 3aBHCH Off A.

(ITpumibeno 3. cenrembpa 2001)
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