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Abstract. Inlets are features on the perimeter of a benzenoid system that deter-
mine numerous of its electronic and topological properties. A class of large 
benzenoid systems is constructed, having a small number of inlets. It is shown 
that the minimal number of inlets in a benzenoid system with h hexagons is 
less than or equal to 3( 1)−h . 

Keywords: benzenoid molecule; benzenoid hydrocarbon; perimeter (of benze-
noid system); hexagonal system; inlet; number of inlets. 

INTRODUCTION 

Recent experimental methods have made it possible to synthesize very large 
benzenoid molecules, sometimes referred to as “graphenes”.1–3 These have found 
unprecedented applications as organic materials for electronic and optoelectronic 
devices.2,3 As large benzenoid systems have countless possible isomers,4–6 it is a 
task of theoretical chemistry to help indicate those species that may possess 
interesting properties.  

The fact that numerous electronic and topological properties of benzenoid 
systems are determined by the structural features on their perimeter was esta-
blished a long time ago.7–9 These features are shown in Fig. 1; their more precise 
definitions are given in the literature.10 The total number of fissures, bays, coves 
and fjords in a benzenoid system B is called11 its number of inlets and is denoted 
by ( )r r B= . 

By means of ( )r B , several topological properties of B are directly deter-
mined. Thus, let B be a benzenoid molecule with n carbon atoms and h hexagons. 
If mij denotes the number of edges of the molecular graph of B, connecting 
vertices of degree i and j, then:11 
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 22 2 2m n h r= − − +  (1) 

 23 2m r=  (2) 

 33 3 3m h r= − −  (3) 

Recall that m22, m23 and m33 are the number of carbon–carbon bonds of the 
type CH–CH, CH–C and C–C, respectively.10 

Fig. 1. Structural features on the perimeter of a 
benzenoid molecule.10 The total number of 
fissures, bays, coves, and fjords is the number 
of inlets r. In this example, r = 7. 

Equations (1)–(3) enable a large number of molecular structure descriptors 
of a benzenoid molecule to be expressed as a function of r. For instance: 

 
4 6

( ) 1 2
5

GA B n h r
 

= + − − −  
 

 

 ( ) 3 8
( ) 8 2 ( 1)

3
ABC B n h r

−= + − − +  

 
1 1

( )
2 30

H B n r= −  

for the geometric–arithmetic,12–14 atom–bond connectivity15–17 and harmonic18 
indices, respectively; for more details see elsewhere.11,19–23 Evidently, benze-
noid molecules of a given size (i.e., with fixed values of n and h), for which the 
number of inlets r is extremal (maximal or minimal), will possess extremal 
values of these structure descriptors and, therefore, may be expected to have 
extremal (or at least, outstanding) electronic and physicochemical properties. In 
this paper, the problem of constructing benzenoid systems with a minimal num-
ber of inlets and estimating its value as a function of h are considered. 

The benzenoid system with maximal r-value is easy to characterize:20 this is 
the linear acene with h hexagons, for which max 2( 1)r r h= = − . In Fig. 2 this is 
the benzenoid system denoted by Rp1, for which h = p. 
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Fig. 2. Prolate rectangles,24 consisting of ( ) ( 1)( 1)pqh R qp q p= + − −  hexagons. These 

possess 2( 1)p −  fissures and 2( 1)q − bays, and thus, ( ) 2( 1) 2( 1)pqr R p q= − + −  inlets. 

CONSTRUCTING LARGE BENZENOID SYSTEMS WITH FEW INLETS 

Consider the benzenoid systems Rpq, general formula of which is depicted in 
Fig. 2. These benzenoids are sometimes referred to24 as “prolate rectangles”. 

As already pointed out, among the benzenoids with a fixed number of 
hexagons, the prolate rectangle with q = 1, namely Rp1, has the maximal number 
of inlets. First, one needs to observe that the transition from Rp1 to Rp2 (Fig. 2) 
almost triples the number of hexagons: 2 1( ) 3 ( ) 1 3 1p ph R h R p= − = − , whereas 
the number of inlets is increased by only two: 2 1( ) ( ) 2 2p pr R r R p= + = . Con-
tinuing this rationale, one arrives at ; 3pqR q ≥ , for which: 

 ( ) 2 1 and ( ) 2 2 4= − − + = + −pq pqh R pq p q r R p q  

At this point, it is noteworthy that recent studies revealed that benzenoid 
systems of the form 2 ; 4pR p ≥  possess unusual, “anomalous”, π-electron25,26 
and magnetic27 properties. 

By means of the transformations indicated in Fig. 3, the number of hexagons 
was increased, but the r-value was decreased. Namely, by adding a new hexagon 
in a “dent” position, '

pq pqR R  (Fig. 3), the number of inlets was diminished 
by one. If p is even, then / 2 1p −  such “dents” could be added on the top of Rpq 
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(see Rpq in Fig. 3), and the same number on its bottom, a total of p – 2 “dents”. 
By this, the number of hexagons was increased by p – 2, whereas the number of 
inlets was decreased by p – 2. 

 
Fig. 3. Adding “dents” at the top (and bottom) of a prolate rectangle diminishes the number of 

inlets; for details, see text. 

Fig. 4. Adding hexagons on to a prolate 
rectangle whereby the number of inlets 
remains the same. 
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A further series of transformations, indicated in Fig. 4, increases the number 
of hexagons, but leaves the number of inlets of pqR unchanged.  

First, 2q −  hexagons are to be added to one side of Rpq, resulting in ( )a
pqR . 

Then an additional q – 3 hexagons could be added, resulting in ( )b
pqR . Continuing 

this transformation, one arrives at ( )c
pqR , ( )d

pqR , etc. Thus: 

 
1

( 2) ( 3) 2 1 ( 1)( 2)
2

q q q q− + − + + + = − −  

hexagons can be added on one side of Rpq without increasing its r-value. The same 
can also be realized on the other side of Rpq, and thus a total of ( 1)( 2)q q− −  
hexagons are added. 

Combining the transformations indicated in Figs. 3 and 4, a class of benze-
noid systems is arrived at, the general formula pqB of which is shown in Fig. 5. 

 
Fig. 5. A large benzenoid system with a small number of inlets. It has 

( ) ( 2) ( 1)( 2)pqh R p q q+ − + − −  hexagons, but only ( ) ( 2)pqr R p− −  inlets, cf. Fig. 2. 

By direct calculation (cf. Figs. 2 and 5), it could be shown that:  

 2( ) 2 4 1 and ( ) 2 2= + − + = + −pq pqh B pq q q r B p q  

and Bpq may be considered as a candidate for a large benzenoid system, which 
for a given number of hexagons has the smallest number of inlets.  

What remains is to choose the parameters p and q, in order to minimize the 
r-value for some fixed value of h. This is achieved by a standard Lagrange 
multiplier method, in which it is required that both derivatives: 

 ( )2( 2 2) 2 4 1p q pq q q h
p

λ∂  + − + + − + − ∂
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and 

 ( )2( 2 2) 2 4 1p q pq q q h
q

λ∂  + − + + − + − ∂
 

are simultaneously equal to zero. This yields: 

 1 (2 ) 0        and        2 (2 2 4) 0q p qλ λ+ = + + − =  

which, by eliminating the multiplier λ, results in 2q p= − . Consequently,  

 2
, 2( ) 3 12 13p ph h B p p−= = − +  (4) 

and 

 , 2( ) 3 6p pr r B p−= = −  (5) 

Solving Eq. (4) in the parameter p, one obtains 2 ( 1) / 3p h= + − , which 
substituted back into Eq. (5) yields 3( 1)r h= − . 

CONCLUDING REMARKS 

It has been shown how a large benzenoid system Bp,p–2 with h hexa-
gons can be constructed, the number of inlets of which is only 3( 1)h − . It 
was not proven that Bp,p–2 has the smallest possible number of inlets (for a 
given value of h), but – at least – it is deemed to be not too far from the 
true minimum. Nevertheless, what has been proven is that 3( 1)r h≤ − for 
any benzenoid system with h hexagons. It is believed that this result could 
be useful in the design of graphenes with the desired properties. 

И З В О Д  

О БЕНЗЕНОИДНИМ СИСТЕМИМА СА МИНИМАЛНИМ БРОЈЕМ УСЕКА 
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Усеци су структурни детаљи на периметру бензеноидног системa који одређују 
његовa бројнa електронскa и тополошкa својства. Конструисана је класа великих бензе-
ноидних система који имају мали број усека. Показано је да је минималан број усека 
бензеноидног система са h хексагона мањи од или једнак −3( 1)h . 

(Примљено 18. фебруара, ревидирано 21. марта 2013) 
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