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Abstract: Using non-rigid group theory, it was previously shown that the full
non-rigid group of 2,4-dimethylbenzene is an ummatured and isomorphic to the
group C,ox(CawrC,) of order 36, where C,, is the cyclic group of order n, the
symbols x and wr stand for the direct and wreath products, respectively. Here-
in, it is first shown that this group has 12 dominant classes. Then, the Marka-
racter Table, the Table of al integer-valued characters and the unit subduced
cycle index (USCI) Table of the full non-rigid group of 2,4-dimethylbenzene
are successfully derived for the first time.

Keywords. Full non-rigid group; character; unit subduced cycle index; 2,4-di-
methylbenzene.

INTRODUCTION

Shinsaku Fujita proposed the Markaracter Tables, which enabled characters
and marks to be discussed on a common basis, then introduced Tables of integer-
-valued characters!—3, which are obtained for finite groups.1-17 Eventually, the
Fujita theory was further developed and applied to a variety of problems concern-
ing the enumeration of chemical species.18-22

A dominant classis defined as a disjoint union of conjugacy classes that cor-
responds to the same cyclic subgroup, which is selected as a representative of con-
jugate cyclic subgroups. Furthermore, the cyclic (dominant) subgroup G; selected
from a non-redundant set of cyclic subgroups of G is denoted by SCSg.15-1823,24
A rigid molecule is defined as one in which the barriers between its conformers
are insuperable and there are no observable tunneling splittings. For non-rigid
molecules, there are one or more contortional large amplitude vibration(s), such
as inversion or internal rotation that give(s) rise to tunneling splittings. Due to
this deformability, non-rigid molecules exhibit some interesting properties of in-

* Corresponding author. E-mail: moghani @icrc.ac.ir
doi: 10.2298/JSC1001091M
91

Available online at www.shd.org.rs/JSCS/

2009 Copyright (CC) SCS

EY HMC HD




92 MOGHANI, SEDEH and SOROUHESH

tramolecular dynamics which can be studied more easily by resorting to group
theory. Following the pioneering works of Longuet—Higgins,2®> the symmetry
group of a non-rigid molecule group consists of al permutations and permu-
tation— nversion operations which become feasi ble as the molecul e tunnels through
a number of potential energy maxima separated by multiple minima. The com-
plete set of molecular conversion operations which commute with the nuclear
motion operator contains overall rotation operations, which describe the rotation
of the molecule as awhole, and the non-rigid tunneling motion operations, which
describe molecular moieties moving with respect to the rest of the molecule.
Such a set forms a group, which is called the full non-rigid group (f-NRG). Lon-
guet—Higgins investigated the symmetry groups of non-rigid molecules in which
changes from one conformation to another can occur easily. The method as des-
cribed here is appropriate for molecules which consist of a number of CH3 groups
attached to arigid framework.26-35

In the present study, the Fujita combinatorial enumeration tables of the f-NRG
of 2,4-dimethybenzene (see Fig. 1) are investigated. The motivation for this study
with the aid of GAP* is outlined and the reader is encouraged to consult these
papers for background material aswell as the basic computational techniques.3/40

Fig. 1. The structure of 2,4-dimethylbenzene.

COMPUTATIONAL METHOD AND DISCUSSION

In this section, first some notations which will be kept throughout are des-
cribed. Suppose X be a set, a permutation representation P of a finite group G is
obtained when the group G acts on a finite set X = {xq1,X2,...,X} from the right,
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ENUMERATION FOR NON-RIGID GROUP OF 2,4-DIMETHYLBENZENE 93

which means a mapping P: X x G — X is given via (x,g) — Xg such that the
following holds: (xg)g' = x(gg") and x1 = x, for each g, g'e G and x e X. Now let
it be assumed that oneis given an action P of G on X and a subgroup H of G. Let
Gj and Gj be any subgroups of G. A subduced representation is denoted by
G(/Gi)J,GJ- as a subgroup of the coset representation G(/G;) that contains only
elements associated with the elements of Gj. A unit subduced cycle index
(USCI)3-6 is defined by:

Z2(GUG) L G so) = ] Sagi
ge

where Sq6i) = IGilllg1Gig N Gj| and Qis atransversal for the double coset de-
compositibns concerning G and Gjforij=12,...s

If M isanormal subgroup of G and K is another subgroup of G such that M
N K ={e} and G = MN = <M, N>, then G is caled the semi direct product of N
by M, which isdenoted by N : M. Let K and H be groups and suppose H acts on
the set T'. Then the wreath product of K by H, denoted by K wr H is defined to
be the semi direct product KT : H such that KI' = {f | f: T — K}.22-24

The f-NRG of 2,4-dimethylbenzene is described by the direct product of the
cyclic group of order two with G, where G is the wreath product of the cyclic
groups three and two, respectively, as follows!8: if one setsa = (1,2,3), = (4,5,6)
and y = (1,4)(2,5)(3,6), then G = (<a>x<f>) : <y>, as a matter of fact, one has G
= CawrC,, see Fig. 1. Now the effect of the vertical operation is to interchange
the carbon atoms {a,c} with {b,d}. In this event, the methyl frameworks remain
fixed and, hence, the f-NRG of the molecule is the direct product of G with a
cyclic group of order two, namely X = CoxG. Now set X = Cox(CawrC2) and
run the following program at the GAP prompt to compute: the mark table, Moox2o;
the character table, C1gx1g and the set, SCSx of the f-NRG of 2,4-dimethylben-
zene with symmetry X = C,x(C3wrC»), asfollows:

LogTo(“ 2,4-Dimethylbenzene.txt” );
c2:=CyclicGroup(lsPermGroup,(2)); c3: = CyclicGroup(l sPermGroup,(3));
G:=WkeathProduct(c3,c2); X:=DirectProduct(c2,G);

Order (X); 1sPermGroup(X);

Char:=Character Table(X);s: = ConjugacyClassesSubgroups(X);
Sort(“s’);

V:=List(ConjugacyClassesSubgroups(X),x-> Elements(X));
M:=TableOfMarks(X); Len:=Length(V);y:=[];
foriin[1,2..Len]do

if IsCyclic(V[i][1])then Add(y,i);

fi;od; Display(Char); Display(s);

Print(“ Char”, “\n");Print(* V", “\n" );LogTo( );

Print(“ 2,4-Dimethylbenzene.txt” , “\n");
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94 MOGHANI, SEDEH and SOROUHESH

After running the program, it can be seen that the non-redundant set of sub-
groups of X, consists the following elements: G = Id, G> = <(1,2)>, G3 =
= <(3,6)(4,7)(5,8)>, G4 = <(1,2)(3,6)(4,7)(5,8)>, G5 = <(3,4,5)(6,7,8)>, Gg =
<(34,5)>, G7=<(3,54)(6,7,8)>, Gg=<(1,2),(3,6)(4,7)(58)>, Gg = <(1,2)(3,4,5)(6,7,8)>,
G10 = <(1,2)(34,5)>, G11 = <(3,6)(4,7)(5,8)(354)(6,7,8)>, G12 = <(1,2)(3,5,4)(6,7,8)>,
G13 = <(3,6)(4,7)(5,8)(3,4,5)(6,7,8)>, G14 = <(1,2)(3,6)(4,7)(5,8)(3,4,5)(6,7,8) >,
G15 = <(1,2)(3,6)(4,7)(5,8)(3,5,4)(6,7,8)>, G1s = <(3,4,5)(6,7,8)>, G17 =
= <(1,2)(3,6)(4,7)(5,8)(3,4,5)(6,7,8)>, G1g = <(1,2)(3,6)(4,7)(5,8)(3,4,5)(6,7,8)>,
G19 = <(1,2)(3,4,5)(6,7,8)>, Goo = <(3,6)(4,7)(5,8)(6,7,8)>, G21 = <(1,2)(3,6)
(4,7)(5,8)(6,7,8)> and G, = X.

In addition, X has exactly 12 dominant classes as stored in Table | such that
Ks, Kg, K, Ko, K1p and K1, are unmaturated (i.e., the union of some conjugacy
classes), see Table 1.

TABLE |. The dominant classes (K;) and their corresponding cyclic subgroups (H;) of
f-NRG of 2,4-dimethylbenzene

| Hi e K:Gx K;
1 G, la
2 G, 2a
3 Gs 2b
4 G, 2c
5 Gs 3au3b
6 Ge 3cu 3e
7 Gy 3d
8 Gy 6a U 6b
9 GlO 6¢c U 6d
10 GlZ 6e U 6g
11 Gis 6f
12 G 6h U 6i

To compute the Markaracter Table of X, i.e., MC, first, the non-redundant set
of cyclic subgroups of X (i.e, H;, j = 1,2,...12) stored in Table 1 is calculated
using the above GAP program. Furthermore, the nomenclature for consecutive
classes of elements of order n must be defined, thus, for example, if an element g
has order n, then its class is denoted by nx, where x runs over the letters a, b, etc.
To calculate the indices of all the unit subduced cycles of X, for instance
Z(G (/Gj){G17,54), in addition to the above program, the following GAP program
must be applied:

G17= GroupWithGenerators (1,2),(3,6)(4,7)(5,8),(3,4,5)(6,7,8));
M17:=TableOfMarks(G17);

Inv.:=(M17)"-1,

s17:=ConjugacyClassesSubgroups(G17); Sort(s17);
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ENUMERATION FOR NON-RIGID GROUP OF 2,4-DIMETHYLBENZENE 95

A:=[[36,0,0,0,0,0,0,0,0,0],[18,18,0,0,0,0,0,0,0,0],[ 18,0,6,0,0,0,0,0,0,0],[ 18,0,0,6
,0,0,0,0,0,0],[12,0,0,0,12,0,0,0,0,0] ,[ 12,0,0,0,0,0,0,0,0,0] ,[ 12,0,0,0,0,0,0,0,0,0],
[9,9,3,3,0,3,0,0,0,0],[6,6,0,0,6,0,6,0,0,0],[ 6,6,0,0,0,0,0,0,0,0] ,[ 6,0,6,0,0,0,0,0,0,0
1.[6,6,0,0,0,0,0,0,0,0],[6,0,2,0,6,0,0,2,0,0],[6,0,0,2,6,0,0,0,2,0],[ 6,0,0,6,0,0,0,0,0,
0].[4,0,0,0,4,0,0,0,0,01,[3,3,1,1,3,1,3,1,1,1],[ 3,3,3,3,0,3,0,0,0,0],[ 2,2,0,0,2,0,2,0,
0,01,[2,0,2,0,2,0,0,2,0,0],[2,0,0,2,2,0,0,0,2,0],[1,1,1,1,1,1,1,1,1,1]];
Column17:=A*(Inv);
Print(* Columnl7” ,“\n");

By using the above calculations, we are able to calculate the Fujita combi-
natorial enumeration tables (i.e., the Markaracter Table, the Table of integer-va-
lued characters and the USCI Table) of the f-NRG of 2,4-dimethylbenzene stored
in Tables I1-1V can be calculated, which would also be valuable in other appli-
cations, such as in the context of chemical applications of the graph theory and
aromatic compounds.127-29

TABLE Il. The Markaracter Table for the f-NRG of 2,4-dimethylbenzene

M© Hi H, Hs Hy Hs He H; Hg Hg Hyp Hin  Hp

X(/Hy) % 0 0 0 O O O 0 0 o 0 0
X(IH,) 18 18 0 O O O 0O O O O 0 0
X(IHg) 8 0 6 O O 0O 0O O O O 0 0
X(IHa) 8 0 0 6 O 0O 0 0O O O 0 0
X(IHs) 2 0 0 0 12 0 0 0 0 0 0 0
X(IHe) 2 0 0 0O O 6 0 0 O O 0 0
X(IH5) 2 0 0 0 0 0 12 0 0 0 0 0
X(/Hg) 6 6 0 0 6 O 0O 6 0 0 0 0
X(IHg) 6 6 0 0 O 3 0 0 3 0 0 0
X(H10) 6 6 0 0 O O 6 0 0 6 0 0
X(H1) 6 0 2 0 6 0 0O 0 0 O 2 0
X(IHy) 6 0 0O 2 6 0O 0O 0 0 O 0o 2

TABLE Il1. The Table of integer-valued characters for the f-NRG of 2,4-dimethylbenzene
(here, K; and ¢ are the dominant class and Q-conjugacy character, respectively fori =1,2,...12)

CQ Kl KZ K3 K4 KS KG K7 KS KQ KlO Kll K12
6 1 1 1 1 1 1 1 1 1 1 1 1
$ 1 1 -1 -1 1 1 1 1 -1 -1 -1 -
$ 1 -1 1 -1 1 1 1 -1 1 1 1 -1
4 1 -1 -1 1 1 1 1 -1 -1 -1 - 1
6 2 2 2 2 4 -1 2 -1 -1 - 2
6 2 2 =2 2 -1 -1 2 -1 1 1 -2 1
$ 2 =2 2 2 -4 -1 2 1 -1 - 2 1
G 2 =2 =2 2 4 -1 2 1 1 1 2 A
6 2 0 =2 0 -1 2 -1 o0 1 -2 1 0
6o 2 0O 2 0 -1 2 -1 0 -1 2 - 0
6 4 0O 4 0 1 =2 =2 0 -1 2 2 0
6o 4 0 4 0 1 =2 2 0 1 =2 -2 0
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96 MOGHANI, SEDEH and SOROUHESH

TABLE 1V. The unit subduced cycle indices for the f-NRG of 2,4-dimethylbenzene (i.e.,
Z(G(IG) | G, sy) forij=1,2,...22)

UsC 16, 16, 16, 16, 1G5 1Gs IG; 1Gs 1Gy IGy Gy
GIG) s s’ s sy sy sy sy sy g Sg S
GIS) s s s s; s sy g sy Sp Sy S
G(/Gy) 518 sg sg sf sg sg sg sg sg si sg sg sg
G(G)  sF 53 53 sl 80 s3 sl sis s sl sl
G(/Gs) 312 sg sg sg siz sg sg si sg sg sé
G(/Ge) siz sg sg sg si s§ sf si si sé sg S sg
G(/Gy) 512 sg sg sg sf{ si siz si sg sg sg
G(/Gy) sf sf sg sf sg sf sg sg sg sg sf sg sg sg
G(/Go) sf sf sg sg sf sg sg sg sf s§ Sg
G(/Gyo) sf sf sg sg sg sfs3 sg sg sg Sf% sf
G(/Gp) sf sg sf sg s§ s§ Sg sg Sg¢  Sg sf
G(/Gr2) s s s s si s 8 3 s s 3
G(/Gya) sf sg sg 512 sg sf s§ sg $,4S, sg Sg sg
G(/Gya) sf sg sg sg sf sf sg sg $,4S, sg S¢  Sg
G(/Gss) sf sg sg sf Sg sg sf sg Sg  Sg Sg
G(/G) sf sg 55 sg Sf sf sf S4 sg sg sg
G(/Gy) st sd s;s, s;S, S.  S; S s;5, S. 83 S
G(/Gas) st st s s s; S; s. so 83 83 s
G(/G1g) 312 sf S, S, sf 512 sf S, sf 512 S,
G(/Gy) 312 sf sf S, sf 512 sf S, S, S, sf
G(/Ga) 312 S, S, sf sf 512 sf S, S, S, S,
G(/Gy) S, 05 S, S, S S S4 S4 S4 84 8
G(G) ss  Sa  So Se Sg Sp Sp S Sy S S
G(G,) ss  Ss  Se Se So Se S¢ Sg Sig S;g Sy
GGy Sg Sé Sg Sg 52 Sg S1256 Sg S18 SS Sis S
G(/Gy) Se  S¢ S6S;  S¢  Sg SpSg S¢ Sig Sig Sg Sy
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ENUMERATION FOR NON-RIGID GROUP OF 2,4-DIMETHYLBENZENE 97

TABLE IV. Continued
UCI G, G 16y 16 16 1G5 G 16 Gy 1Gy G,

2 6 6 2 4 3 2 2 2
G(/Gs) Sg S, S, Sg S Sy S¢ Sg  Sg

S12 S12
G(/Ge) Sg 5623 5623 Sg Sg Sz Sp2 3623 Sé 3(25 S12
G(/Gy) sg sé sé sg sg S1o si sé sg sé S15
G(/Gg) sg SgS3  SgS3 sg Sy SgS;3 sg Sq Sq Sg Sy
G(/Gy) s§ sg sg Sg sg sg Sg sg S¢ Sg  Sg
G(/Gy) sg Sg Sg Sg s§ Sg Sg s§ S¢ Sg  Sg
G(/G1y) sg sg Sg s‘z sg Sg sg Sg sg S¢  Sg
G(/Gr) sf S Sg s‘z sg Sg sg sg S Sg  Sg
GG sg sis’ s3 sy si s,;s, S Sg S5 S  Sg
G(/G1) Sg sg sg 512 sg sg S4S, Sg Sg  Sg 35 Sg
G(/Gys) sg Sg sg sf sg Sg sg S¢  Sg sg Sg
G(/G1e) 52 sg sg sg sf S, S, sg sg sg S,

G(Gy) s; $;S, S;S, S3 S3 $S, Sz S3 S; S3  Sg

G(/Gyg) sf S5 S5 sf S5 S5 sf S3 S3 Sz  S3
G(/Gy) 512 S, S, s, 512 S, S, sf S, S, S,
G(/Gy) s, sf S, s, 512 S, S, S, sf S, S,
G(/G,y) s, s, 512 512 512 s, s, S, S, sf S,
G(/Gy) S, S; S; s, 05 S; S S4 S84 8 8§
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U3BO [
®YIIMTHUHO (FUJTA) KOMBMHATOPHO ITPEEPOJABAIGE 3A HEPUT'MAHY I'PYITY
2,4-TUMETUJIBEH3EHA
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Mathematics, Islamic Azad University, South branch Tehran, Tehran, Iran

[MpumeHoM TeopHje HepUTHIHMX IPyIa MOKA3aHo je Ja je MOTIyHa HepuruaHa rpyna 2,4-nm-
MeTWIOEH3eHa HeMaTypupana rpyna u ja je uzomopgua rpynu CoX( CawrC,) pena 36, rue je C,
LUKJIMYHA IPyIa peaa N, u rae cuMOoIu X U WI 03HavyaBajy JMPEKTHH OJH. BEHYACTH MPOU3BOL.
ITokasaHo je ja MCUTHBAHA rpyna uMa 12 nomuHaHTHHX Kiaca. ITo mpBu myT cy oxapelheHe Ta-
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98 MOGHANI, SEDEH and SOROUHESH

Onuia MapKkapakTepa, TabJHIa CBUX HETOOPOjHUX KapakTepa, Kao 1 TabIula jeIMHIYHAX [TUKIH-
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ux unaekca cyonykuuje (USCI) 3a cBe notmyHe Hepuruane rpyre 2,4-1uMeTui0eH3eHa.

(Ilpumubeno 1. jyna, pesuaupano 21 jyma 2009)
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