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Equiseparable chemical trees
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Abstract: Let ny(e|T) and ny(e|T) denote the number of vertices of a tree 7, lying on the two
sides of the edge e. Let T and 75 be two trees with equal number of vertices, let e be an edge
of T and fan edge of 7>. Then e and fare said to be equiseparable if either 1y (e|T7) = n(fT5)
or ny(e|T) = ny(f|T>). If all edges of 77 and 75 can be chosen so as to form equiseparable
pairs, then 77 and 75 are equiseparable trees. A number of molecular structure-descriptors of
equiseparable chemical trees coincide, implying that the corresponding alkane isomers must
have similar physico-chemical properties. It is shown how equiseparable chemical trees can
be constructed in a systematic manner.
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INTRODUCTION
As early as 1947 Wiener! discovered the formula

W=">"ny (elT) naelT) )

by means of which the molecular struectures descriptor /¥ (nowadays known under the
name ‘“‘Wiener index”’) can be computed in the case of alkanes; more details on the Wiener
index are found eslewhere.23 In Eq. (1) T stands for a chemical tree (= the molecular
graph? of the alkane to which J¥ pertains), e is an edge of 7, whereas 11(e|T) and n(e|T) are
the number of vertices of 7, lying on the two sides of e. The summation on the right-hand
side of (1) goes over all edges of the tree 7.

The numbers 71(e|T) and n5(e| T) may be viewed as the count of the vertices of the two
fragments, obtained by deleting the edge e from 7. In other words, the edge e separates 7'
into two fragments, with 71(e|7) and ny(e|T) vertices. Clearly, if the tree 7 has n vertices,
then for all of its edges,

n(elT) + m(elT) =n @)

A few years ago, formula (1) was used for the definition of another structure-descri-
ptor, named “modified Wiener index”":*
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-1
W=D [Vi(e|T) v2(e|T)]
€

which then served as a motivation for introducing a whole class of “variable Wiener indices >

Win) =" [vi(e|T) va (el )] (3)

Recently, several mathematical> 8 and chemical® 10 properties of W, (1) were established.

In the work? it was noticed that there exist pairs of isomeric alkanes whose variable
Wiener indices coincide for all values of the parameter A. The simplest such pair are the
molecular graphs of 2,2-dimethylpentane and 2,3-dimethylpentane, cf. Fig. 1. These obser-
vations lead to the definition of equiseparable trees.

Definition 1. Let T} and T5 be two trees with equal number of vertices. Let e be an edge
of 77 and f'and edge of 7». The edges e and fare said to be equiseparable, e ~ f, if by deleting
e from 77 and by deleting ffrom 7, fragments are obtained with equal number of vertices.

More formally, e = f'if either n(e|77) = ny(f[T>) [which because of relation (2) is tanta-
mount to n5(e|77) = ny(15)], or ny(e|T1) = my(f[15) [which is tantamount to 15(e| T} ) =1 (13)].

Definition 2. Let T} and T5 be two trees with equal number of vertices. The trees 7
and 75 are said to be equiseparable, T| = T, if all their edges can be chosen so as to form
equiseparable pairs.

More formally, if ey, ey, ..., e, are the edges of 7} and f1, f5, ..., f;,, the edges of 75, then
T=T, if one can label the edges so that e; = f; holds forall i =1, 2, ..., m.

Itis evident from Eq. (3) that equiseparable trees have the same variable Wiener indi-
ces, for any value of the parameter A. This implies that any physico-chemical property that
correlates with ,,(A), must have similar values for all members of an equiseparable fam-
ily of alkanes. An example supporting this conclusion is found in Fig. 4. More interest-
ingly, equiseparable alkanes have nearly equal internal energies® and nearly equal frequen-
cies of the stretching carbon—carbon vibrations.!1-12

In what follows it will be shown how families of equiseparable chemical trees can be
constructed.

AN EXAMPLE: EQUISEPARABLE DIMETHYL ALKANES

The smallest pair of equiseparable molecular graphs, pertaining to 2,2-dimethyl- and
2,3-dimethylpentane, is depicted in Fig. 1.

Examining this pair one can arrieve at the following generalization: a pair of isomeric
dimethyl alkanes with # carbon atoms, one possessing two methyl groups in position 7, the
other possessing a methyl group in position i and another in position j, j > i, see Fig. 1.

Now the condition that the parameters 7, /, and » must satisfy, in order that the respec-
tive chemical trees 77 and 75 be equiseparable is established.

In order to simplify the formalism, the edge of 7', connecting the vertices u and v, is
denoted by e,,,. The analogous edge of 75 will be denoted by f,,,. The labeling of the verti-
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Fig. 1. The two smallest equiseparable trees and their generalizations 77 and 7. The trees 7} and T are
found to be equiseparable wheneveri +j=n—-2,e.g.,forn="7,i=2,j=3.
ces of 77 and 75 is indicated in Fig. 1.
The edges lying left from vertex 7 and right from vertex j are obviously equiseparable,
namely: e, ;41 % fi 41 fort=1,2,..,i-landt=j,j+1,..,n—-3. Also, ¢;,, | ~f;, .1 and ¢; ,»
Jin- What remains to be examined are the edges lying between the vertices 7 and .
Because the molecules pertaining to 7' and 75 have one and two methyl groups in po-
sition 7 respectively, it follow that

€i i+l zﬁ+1,i+2
i+ 42 = fi+2,i+3

¢-2-1%Jj-1)

The only two edges that remain to be examined are ¢;_| ;and f; ;1. Now, by inspecting
Fig. 1, if can be seen that: ny(ej_1 A7) =/ + 1, ny(ej1 jiT) =n—j— 1, m(fj1|T2) =i+ 1,
ny(e;i+1/12) =n—i— 1.1t cannot be ny(e;1 {77) = ny(f; j+ | 12). Therefore, in order that 77 ~
T, it must be that ny(e;1 {77) = np(fj+1|T), i, j+ 1=n—i—1,ie,i+j=n-2.

Thus the following has been proved:

Rule 1. The molecular graphs of the (i,i)-dimethyl alkane and (i,j)-dimethyl alkane
with n carbon atoms are equiseparable if i +j=n —2.

THE METHYL-SHIFT RULE

When deducing Rule 1, it should be noticed that the edges lying left from vertex i and
right from vertex ; play no role in determining the conditions for equiseparability of 7 and



552 GUTMAN, ARSIC and FURTULA

T,. The same is true for edges lying between i and j, except the edge of 77 incident to vertex
J»and edge of 75 incident to vertex 7. Bearing this in mind the general case depicted in Fig. 2
may be considered.

Fig. 2. The chemical trees 7} and 7 correspond to alkane molecules differing in the position of a single methyl
group. Hence the transformation 7 — 75 corresponds to the shift of a methyl group from position 1 to position
k. The trees 7 and 75 are equiseparable if the fragments X and ¥ have equal number of vertices; otherwise the
structure of X and ¥ may be arbitrary and the parameter £ may assume any value greater than unity.

As before

e1p~f3
e3=f45

€2 J1 = Jiel

Consequently, 71 ~ T will be if ¢ ;= f12-

Denote the number of vertices of X and Y by x and y, respectively. Then the edge
€)1 1 Separates 77 into fragments with x + k and y vertices, whereas the edge f| » separates
T, into fragments with x and y + k vertices. In order to have ¢ ;= /1 either x + &k =x must
be (which is impossible), or x + £ =y + k (which implies x = y). Thus the following is ar-
rived at:

Rule 2. (Methyl-Shiff) The chemical trees 7} and 7> depicted in Fig. 2 are equisepa-
rable if the fragments X and Y have equal number of vetices. The parameter £ may be any
integer greater than unity.

MORE EQUISEPARABLE CHEMICAL TREES

In an analogous, but significantly more complicated way Rule 3 can be deduced:

Rule 3. (Ethyl-Shiff) Let T; and 7> be chemical tree analogous to those depicted in
Fig. 2, but differing in the position of an ethyl group. 7} and 75 are equiseparable if the frag-
ments X and Y have equal number of vertices, for any value of the parameter £ > 2.
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Both the methyl- and ethyl-shift rules are special cases of a more general results, that
can be formulated as:

Rule 4. The chemical trees 77 and 7, depicted in Fig. 3 are equiseparable if the frag-
ments X and Y have equal number of vertices. The parameter £ may be any integer greater
than unity and the fragment Z may be arbitrary.

Fig. 3. The chemical trees used in the formulation of Rule 4. These are equiseparable if X and Y have equal
number of vertices, irrespective of the value of k> 2 and the nature of the substituent Z.

Suprisingly, the proof of Rule 4 is quite simple.

Again, only the edges lying between vertices 1 and & need to be considered. Bearing
in mind the structure of the trees 7' and 75, shown in Fig. 3, and the way in which their ver-
tices are labeled, the results shown in Table I are obtained . The number of vertices of the
fragment Z is denoted by z.

TABLE 1. Data needed for the proof of Rule 4

#1 #2 #3 4
t
ny(e, |7y (e |T) (i 111112) (i 111112)
x+z+1 y+k-1 x+k-1 yt+z+1
2 x+z+2 y+tk-2 x+k-2 ytz+2
x+z+3 y+k-3 x+k-3 y+tz+3
t xX+tz+t ytk—t x+k—t ytz+t
k-2 x+z+k-2 y+2 x+2 ytz+k-2
k—1 x+z+k—1 y+1 x+1 ytz+k—1

The conditions under which ;1 ~ f;4+1 will hold for all 7 =1, 2, ..., k-1 have to be
found.
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The numbers in column #1 in Table I increase, whereas those in column #3 decrease
with increasing 7. Therefore, it is not possible to establish equality between them, that
would hold for all z. On the other hand, the numbers in column #4 also increase and the en-
tire column #4 will become equal to column #1 if x = y. Under the very same conditions,
column #2 will become equal to column #3.

Rule 4 follows.

Fig. 4. A family of equiseparable chemical trees: 3,4,4-trimethylheptane, 3-ethyl-2,2-dimethylhexane,
3-cthyl-2,4-dimethylhexane, and 4-ethyl-2,4-dimethylhexane. Their boiling points (at standard atmospheric
pressure) are 434, 429, 433, and 434 K, respectively. Their heats of evaporation (at 298 K) are 46.7, 45.6,
46.5, 45.2 kJ/mol, their standard heats of formation (in the gaseous state, at 298 K) are —257.1,-252.5,
—246.3, and —256.4 kJ/mol, their standard entropies (in the gaseous state, at 298 K) are 501.8, 503.8, 516.7,

and 497.6 J/(K mol), their heat capacities (in the gaseous state, at 298 K) are 234.2, 226.5, 230.0, and 233.6
J/(K mol), respectively.

By means of a systematic search many more equiseparable families of chemical trees
were discovered, many of which cannot be rationalized by means of Rule 4 (or by its spe-
cies cases, Rules 1-3). A characteristic example is shown in Fig. 4.

N3BOJ

EKBUCEITAPABUITHA XEMUICKA CTABJIA
VBAH I'YTMAH?, BUTbAHA APCURO u BOPUC ®YPTYJIIA?
4 Ipupodno-matiemativuxu gaxyaitiei y Kpazyjeeuy u 6Hpupoc)no-matEeMau7wu<u paxyaitieii y Huuty

Hexka n(e|T) u ny(e|T) o3Ha4aBajy Opoj uBopoBa cradina 7, Koju JiexKe ca jBe CTpaHe IpaHe e.
Hexka cy T u T, aBa cra6na ca uctuMm 6pojeM YBOpOBa, HeKa je e rpaHa cTabmna 77, a fTpaHa crabna
T,. Taja 3a e 1 f KaxkeMo Jia ¢y eKBucenapaOwHy ako BaxKu n(e|T)) = ny(fT,) wma ny(e|T)) = ny(f115).
Ako ce ce rpate crabana 7 u T, Mory u3abpatu Tako fa o0pa3syjy eKBrcenapaOHIHe apoBe, Tafga
cy Ty u T, exBucenapabuina cradna. Behu 6poj MOneKyIcKux CTpYKTYpHUX AECKPUNTOPA UMajy
HCTE BPEJIHOCTH 3a eKBHCcenapabuiIHa XeMHUjcKa cTadiia, U3 yera Cieiu ia Oarosapajyhu n3oMepHu
aJKaHU MOpajy MMaTH CIM4YHe (pu3nmIKo-xemujcke ocobmHe. [Tokas3aHo je Kako ce eKBucenapa-
OuiHa XeMujcka crabia MOTY CUCTEMATCKU KOHCTPYUCATH.

(ITpumbeno 21. heGpyapa 2003)
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