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Hyper-Wiener index and Laplacian spectrum
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Abstract: The hyper-Wiener index WWW of a chemical tree T is defined as the sum of the
product n1 n2 n3, over all pairs u, � of vertices of T, where n1 and n2 are the number of verti-
ces of T, lying on the two sides of the path which connects u and �, and n3 is the number of
vertices lying between u and �. An expression enabling the calculation of WWW from the
Laplacian eigenvalues of T has been deduced.

Keywords: hyper-Wiener index, Wiener index, Laplacian spectrum, chemical trees, alkanes.

In the preceding paper1 a new modification of the hyper-Wiener index, denoted as

WWW, was put forward. It was demonstrated1 that the WWW has certain advantages over

the original hyper-Wiener index2 WW, and relations between WWW and WW were estab-

lished. In this note it will be shown how the WWW can be computed from the Laplacian

eigenvalues of the underlying molecular graph.

The Laplacian graph spectral theory has found recently many chemical applications,

see, for instance, the papers3–11and the references quoted therein. Details of this theory can

be found in several reviews.12–15

The Laplacian matrix L(G) of a graph G with n vertices, �1, �2, ... �n, is a square ma-

trix of order n whose (i,j)-entry is defined as

L(G)ij =

� i

�

�

�

�

�

�

1

0

if i = j

if the vertices �i and �j are adjacent

otherwise

where �i denotes the degree (= number of first neighbors) of the i-th vertex of G. The

eigenvalues of the Laplacian matrix, denoted by �1, �2, ..., �n, are said to be the Laplacian

eigenvalues of the graph G and to form its Laplacian spectrum.

The Laplacian eigenvalues are labeled so that

�1 � �2 �

�

� �n–1 � �n.

Then for all graphs, �n = 0, and for connected graphs (among which are all molecular

graphs), �n–1 > 0.
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The Laplacian characteristic polynomial is �(G,x) = det�x I – L(G)	. It can be written

in the coefficient form as:

�(G,x) = ( )�
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n
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n k
c x

According to the Kel’mans theorem,3,8,16,17 the k-th coefficient of the Laplacian

polynomial can be computed from the structure of the graph G by means of the formula

ck = �( )F

F

�

where the summation goes over all spanning forests F of G, possessing k disconnected

components, and where �(F) is equal to the product of the number of vertices of the

components of F. In the case of a tree T, the straightforward application of the Kel’mans

theorem gives:

cn = 0

cn–1 = n

cn–2 = n n

adj

1 2�

cn–3 = n n n

u

1 2 3
,�

�

(1)

where thenotation is sameas in theprecedingpaper.1 Thus, it can immediatelyberealized that:

cn–2 = W(T) (2)

cn–3 = WWW(T). (3)

Using the Vieta identities and bearing in mind that �n = 0, the coefficients cn–1, cn–2,

and cn–3 are expressed in terms of Laplacian eigenvalues as:

cn–1 = �1 
 �2 
 ... 
 �n–1

cn–2 = �1
i

�


 �2 
 ... 
 �i–1 
 �i+1 
 ... 
 �n–1

cn–3 = �1
i j�

�
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 �n–1

i.e.,
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Combining the latter identities with Eqs. (1)–(3), one obtains:

W(T) = n
1

1

1

� ii

n




�

�

(4)

WWW(T) = n
1

� �i ji j�

�

(5)

Formula (4), which is an expression for the Wiener index in terms of Laplacian

eigenvalues, is a previously known result.3,4 The analogous formula (5) is being reported

here for the first time. It can be simplified as:
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which finally results in the identity:

WWW(T) =
W T
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(6)

Formula (6), combined with (4), is particularly suitable for computer-aided numerical

calculation of the hyper-Wiener index. All the results reported in the preceding work1 were

obtained by means of this formula.
Acknowledgement: The autor thanks the Alexander von Humboldt Foundation for financial support in

2003.

I Z V O D

HIPER-VINEROV INDEKS I LAPLASOV SPEKTAR

IVAN GUTMAN

Prirodno-matemati~ki fakultet u Kragujevcu

Hiper-Vinerov indeks WWW hemijskog stabla T definisan je kao suma proizvoda n1n2n3,

preko svih parova u, � ~vorova stabla T, gde n1 i n2 ozna~avaju broj ~vorova koji le`e sa dve

strane puta koji povezuje u i �, a n3 je broj ~vorova izme|u u i �. Dobivena je formula koja

omogu}ava da se WWW izra~una iz Laplasovih sopstvenih vrednosti stabla T.

(Primqeno 7. jula 2003)
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