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Hyper-Wiener index and Laplacian spectrum
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Abstract: The hyper-Wiener index WWW of a chemical tree 7 is defined as the sum of the
product ny n, n3, over all pairs u, v of vertices of 7, where n; and n, are the number of verti-
ces of 7, lying on the two sides of the path which connects « and v, and 75 is the number of
vertices lying between u and v. An expression enabling the calculation of WWW from the
Laplacian eigenvalues of 7 has been deduced.
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In the preceding paper! a new modification of the hyper-Wiener index, denoted as
WWW, was put forward. It was demonstrated! that the WIWW has certain advantages over
the original hyper-Wiener index? WW, and relations between WWW and WW were estab-
lished. In this note it will be shown how the WIWIW can be computed from the Laplacian
eigenvalues of the underlying molecular graph.

The Laplacian graph spectral theory has found recently many chemical applications,
see, for instance, the papers3—!1 and the references quoted therein. Details of this theory can
be found in several reviews.12-15

The Laplacian matrix Z(G) of a graph G with n vertices, v1, vy, ... v, is a square ma-
trix of order n whose (i,j)-entry is defined as

0 i ifi= ]
L(G);=1-1 if the vertices v; and v; are adjacent
0  otherwise

where 0; denotes the degree (= number of first neighbors) of the i-th vertex of G. The
eigenvalues of the Laplacian matrix, denoted by u1, (o, ..., i, are said to be the Laplacian
eigenvalues of the graph G and to form its Laplacian spectrum.

The Laplacian eigenvalues are labeled so that

M1Z U2 2 2 Uy 2 Hp.

Then for all graphs, 1, =0, and for connected graphs (among which are all molecular
graphs), 1,1 > 0.
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The Laplacian characteristic polynomial is ¥(G,x) = det[x / — L(G)]. It can be written
in the coefficient form as:

n—1
YGH)= (D epx*
k=0

According to the Kel’'mans theorem,38.16.17 the k-th coefficient of the Laplacian
polynomial can be computed from the structure of the graph G by means of the formula

= T(F)
F

where the summation goes over all spanning forests /' of G, possessing k disconnected
components, and where ['(F) is equal to the product of the number of vertices of the
components of F. In the case of a tree 7, the straightforward application of the Kel’'mans
theorem gives:

=0
Cp1=n

2= Z niny

adj
Ca3= ) mnyn; (D

uY
where the notation is same as in the preceding paper.! Thus, it can immediately be realized that:
Cra= WD) @)
Cp3=WWW(D). 3)
Using the Vieta identities and bearing in mind that u,, = 0, the coefficients ¢,, |, ¢, o,
and ¢,, 3 are expressed in terms of Laplacian eigenvalues as:
Cp1 =M XU X e X Uy |

Cn27~ Zm KU X e XU X Y] X oo Xy
i

Cp37~ Zﬂl XU Xeoe XU X ] X e X X U] X e X U]

i<j

Le.,

Cn—1 :H:uk

k

o T [£1]
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Combining the latter identities with Egs. (1)~3), one obtains:

n—1
WD) =ny — @
i=1 M
1
W) =ny — ®)
n;jﬂ i

Formula (4), which is an expression for the Wiener index in terms of Laplacian
eigenvalues, is a previously known result.3# The analogous formula (5) is being reported
here for the first time. It can be simplified as:

n=1n-1 n—=1
2 i=1 j=1M il j i=1(u;)
_}’l— n—1 1 n—1 1 n—1 1
2_(;%] Jzzl i) A’
:n_(W(T))Z_”l 1
2|1\ i=1(ﬂi)2

which finally results in the identity:

W@ %S 1 (6)
T e

Formula (6), combined with (4), is particularly suitable for computer-aided numerical
calculation of the hyper-Wiener index. All the results reported in the preceding work! were
obtained by means of this formula.
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2003.
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XUITEP-BMHEPOB MHAOEKC 1 JIATINTACOB CITEKTAP
MBAHTYTMAH
Ipupoono-mattiemaitiuqku ¢axyaitieiii y Kpazyjesiyy

Xunep-Bunepos uspieke WWIW xemujckor crabia 7' jetHHICaH je Kao CyMa IPOU3BOMIA 7171113,
MPEKO CBUX MApoBa u, U YBOpoBa crabma T, Tie 1 1 n, 03HauaBajy Opoj YBOPOBa KOjH JIEKE ca JIBE
CTpaHe IyTa KOju II0Be3yje u U v, a n3 je Opoj uBopoBa u3Meby « u v. [JobuBeHa je popmyna Koja
oMoryhaga fa ce WIWW n3pauyHa u3 JlaracoBux CONCTBEHNUX BPEIHOCTH cTadna 7.

(ITpumibeno 7. jyma 2003)
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